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Abstract

Let (X:)ier be the stationary solution for an additive stochastic differential equation driven by
a fractional Brownian motion. We give an upper bound for a joint fourth cumulant of the form
ka(fo(Xo), f1(Xe,), f2(Xty), f3(Xts)). Our tool is the partial Malliavin calculus for the stationary
solution for an SDE driven by fBM. As an application, we show that local asymptotic normality of a
likelihood ratio field for the drift parameter of a fractional SDE holds even in the case 0 < H < 1/4.
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1 Introduction

Let (By)ter be a two-sided fractional Brownian motion with Hurst parameter H € (0,1/2). We suppress

H in the notation for notational simplicity. We consider a one-dimensional stochastic differential equation
t

Xf’z ::ch/ a(X%® 0)ds+oBy,, t>0, z€R, #ecO, o#0. (1)
0

Here © is an open subset of R™. It is known that the equation (1) has a stationary solution (X?);cr

satisfying
— — t —
Xf:Xf+/ a(X?,0)dr + o(B, — B,), s<t, 0€0O, o#0 (2)

under Assumption 1. Our stationary solution is based on a random dynamical system [Garrido-Atienza
et al., 2009] (see also Chiba [2018, 2020]).

Stochastic differential equations driven by additive fractional Brownian noise have been investigated
from several perspectives in probability and statistics, under various assumptions on the drift and the
Hurst parameter. On the statistical side, examples include drift parameter estimation [Kleptsyna and
Le Breton, 2002, Neuenkirch and Tindel, 2014, Chiba, 2020] and estimation of the stationary density
[Amorino et al., 2026]. On the probabilistic side, these systems have been studied in connection with
ergodicity [Hairer, 2005], numerical approximation of stationary solutions [Garrido-Atienza et al., 2009],
density regularity [Li et al., 2023], and averaging principles [Li and Sieber, 2022].

Among them, in view of likelihood analysis, Liu et al. [2019] and Chiba [2018] studied the local
asymptotic normality (LAN) of a likelihood ratio field for a drift parameter § under continuous long-
time observation asymptotics when 1/2 < H < 1 and 1/4 < H < 1/2, respectively.

In the proof of the LAN property when 0 < H < 1/2, we need to bound a product-covariance of the

form
Cov{(8g,a)(X7,)(99,0) (X)), (9p,a)(X},)(De;a)(X7,)}

with E{(0p,a)(X§)} = E{(ds,a)(XJ)} = 0, which naturally reduces to a (probabilistic) problem of

bounding a joint fourth cumulant, say

ra(F(X0), 9(X0, ), F(XT, ), 9(X 0, 0y)

with E{f(X§)} = E{g(X§)} = 0. Chiba [2018, 2020] bound the product-covariance using Poincaré’s
inequality and this yields the restriction 1/4 < H < 1/2. On the other hand, Chiba and Takabatake
[2024] treat the same problem in the fOU case a(z,0) = —6z (0 > 0), and thanks to Gaussianity
(Isserlis’ theorem), show the LAN property for all 0 < H < 1/2. This suggests that with a more precise
bound on a joint fourth cumulant we may show the LAN property for a general drift coefficient a(z, 6)
even when 0 < H < 1/4. This is the original motivation for considering the joint fourth cumulant, and
the suggested extension is indeed possible.

This paper is organized as follows. In section 2, we summarize theorems to be proved and assumptions
which are assumed throughout the paper. Section 3 presents some auxiliary results on partial Malliavin
calculus and its applications to the stationary solution. We bound the joint fourth cumulant in Section

4. Finally, the bound for the cumulant is applied to the proof of the LAN property.

Remark. In view of statistical applications, we formulate the results with a parametrized model (1). If

we consider purely probabilistic situations, it suffices to just suppress 8 in the notation.



Notation. In this paper, an integral [ f(r)dr is sometimes written in the operator form [ dr f(r).

2 Main results

We impose the following assumptions on the drift coefficient a : R x © — R.
Assumption 1 (Assumptions for a cumulant bound).

(A1) Partial derivatives d,a(z,0),92a(z,0),02a(x,0) exist, are continuous and bounded in x for each
0 € ©. Furthermore, x +— 0Jya(x,d) is negative: there exist positive numbers a = «(6) and
o/ = d/(0) such that
—a' < 0za(-,0) < —

for each 6.
In the case of a(z,0) = a(x), we just drop ’s in the assumption (Al).

Assumption 2 (Assumptions for the LAN Property). There exists a neighborhood U of 6 such that
the following property holds.

(A2) A partial derivative (9ga)(x,0) exists and has polynomial growth: there exists a positive constant

C = C(U) and a non-negative integer p = p(U) such that

sup |(0ga)(z,0")] < C(1+ |zP)
0'eUu

and
[(Dpa)(z,61) — (Opa)(z,02)] < C(1 + [x[")[61 — 62

forall z € R and 61,05 € U.

(A3) For each ¢ € U, the partial derivatives 9,9pa(-,8"), 929pa(-,0') and 929pa(-,0’) exist, are contin-

uous and bounded in z.
Notation. Let H € (0,1/2) and let C2°(R) denote the space of smooth functions with compact support.

(1) Fractional integral I}’ V2H | por v € CX(R), we define a fractional integral of order 1/2 — H by

00 = g [, T e A @R

I(1/2-H) Jo
The operator Ii/ >~H can be extended to a bounded operator from L?(R) to LY (R) and the

extended operator is also denoted by I /271 See Samko et al. [1993, Theorem 5.3].

(2) Fractional derivative Dli/sz. Let ¢ € Ii/27H(L2(R)). Its (Marchaud) fractional derivative of
order 1/2 — H is

_ 1/2 —
(DY* ) (@) = 17 21—>0F14+1/2/ He t3/2 H)dt (z €R).

By Samko et al. [1993, Theorem 6.1], we have Di/z_HI£/2_Hf = f for f € L?(R).

(3) Hilbert space H. Let H denote the space 1Y/ *~M(L2(R)) with inner product

(f.9)n =en (DT DY g) 2y



with e = T'(2H + 1)sin(wrH). A fractional Brownian motion B defines an isonormal Gaussian

process over H (see Pipiras and Taqqu, 2000).

(4) Partial Malliavin derivative. Let W be isonormal Gaussian processes over A on a complete
probability space (;, F;,P;) for i = 1,...,n. We can assume F; is the completion of the o-algebra
generated by W@, For (c1,...,¢,) € R with 3, |¢;]? = 1, we set

We(R) (Wi, ..., wy) = Zciw(i)(h)(wi) (w;i € ).

Then W€ defines an isonormal Gaussian process on ([ [, €2, ®;F;, ®;P;). For a functional of W€, we
denote by E; the expectation with respect to P; and by D) the Malliavin derivative with respect
to W),

Let us give the partial Malliavin derivatives of the stationary solution. They are useful tools to

investigate the joint fourth cumulant.

Theorem 3. Suppose that Assumption 1 is fulfilled. Then there exists a probability space (2, F,P)
supporting independent two-sided fBMs B, ... B, Forc € R™, |¢| = 1, the process B® = > ¢; B®W
is also a two-sided fBM on (Q0, F,P).

(1) There is a unique stationary process Y% = (th’a)teR on (2, F,P) satisfying
t
e / a(Y,,0) dr + o (Bf — BY) (3)
S

for all s < t, P-almost surely.
We set Jf”f = exp (fst(axa)(Yf*e,@)dr) 1(—co,i(s) for s,t € R.

(2) For anyt € R, the random variable th,e has partial Malliavin derivatives up to order three, and its

Malliavin derivatives are given by
(i1)y e _ e
D51 Y; - O-Cll Jt751’

t
D) DY = / (02a)(V20,0)J28 (DY) (DU YE0) dr,

— 00

and

x

t
DEIDEIDEIYE = [ it Rl o)D) DY DY)

2 ,0 i3 i1 ,0 i2 ,0 iz i2 ,0 i1 ,0
+ Q2a(Y;* ,9){(Dgf;>pg§ Y20y (DL Y,?) 4+ (D) D)y, ¢0) (DY)
i 7 c,0 7 c,0
+ (D Dy ) (DY )Hdr.

Furthermore, these partial Malliavin derivatives satisfy

076 i C,o
E{[Y" P} + E{| DYS5,)
+E{ID ) DY o0} + E{| DU D DIy

|§’{®3} < 00.

forp>1 and iy, is, iz € {1,...,n}.



Remark. Let (C(R),B(C(R))) be the space of continuous functions on R with the o-algebra asso-
ciated with compact open topology. Note that the law of Y*? and X? coincide for any |c| = 1
on (C(R),B(C(R))). In particular we use Y% instead of X? for calculations involving expectation:
E{F(X%)} = E{F(Y*%)} for a measurable function F': C(R) — R whenever the expectations are well
defined.

We introduce a class of test functions for a joint fourth cumulant.

Notation. We set

Fo = {f € C*(R)

3
E{f(X)} =0,)_If¥(x)| < C(1+ |z[?) for some C,p > o} .

=0

Let tg <t; <ty <tzand f; : R — R (i =0,...,3) be measurable functions satisfying E{ f;(X¢)} =0
and E|fi(X{J)|* < co. Recall that the joint fourth cumulant ry(fo(X7,), f1(X7), f2(XE,), f3(X7)) is

0
3

ra(fo(XD), f1(XD), f2(X1), f3(X1))
= E{fo(X0) [1(X0) f2(X0) f3(X0)} — E{fo(X{) f1 (X7 ) YE{ f2(X],) f3(X1)}
— E{fo(X)) o (X\)YE{ LX) f3(XD)} — E{ fo(XD) fa(X2)YE{f1(X]) f2(XD)}-

N

Theorem 4. Assume that Assumption 1 is fulfilled. Let to,t1,t2,t3 € R be distinct and ty < t(1) <
t2) < t(3) be the increasing rearrangement of to, ..., t3. For functions fo, f1, f2, f3 € Fo, there exists a

positive constant

C= C(fo,fl,fg,fg,@,H,O’,H)

such that

2
|ka(fo(XE), FU(XD), fa(XE), Fa(XEN < C T+ Ity — teoy )72,
i=0
Now we proceed to the LAN property for the model (1). We recall a definition of the LAN property
[Chiba, 2018, Definition 2.6]. We allow a positive semidefinite information matrix; nondegeneracy is not

asserted.

Notation. Let m be a positive integer. For a vector u € R™, we denote the transpose of u by u*. Let
1€ R™and ¥ € R™*™ be a positive semi-definite matrix. The m-dimensional normal distribution with

mean £ and variance ¥ is denoted by N(u, X).

Definition 5 (LAN property). Let (1} )sco be a family of probability measures that are mutually

absolutely continuous. For a nondegenerate m X m matrix o7 (6), we set

d”eT+ Nu
7 (w) = =5
(2

A family (ul)gco is called locally asymptotically normal (LAN) at a point § € © if Z[ (u) can be

represented as

ZF (u) = exp (u*Ag - %u*](ﬁ)u + rg:u> .

Here 1(0) is a positive semi-definite m x m matrix, the random variable A}" converges in distribution
(with respect to ug) to N (0,1(6)) as T — oo, and rj , satisfies

lim pg {|rg,.| > €} =0
T—o00 ’



for any € > 0 and each fixed u € R™, with 6 4+ pr(0)u € © for all sufficiently large T.

Notation. The m x m identity matrix is denoted by E,, and the Beta function by B(xz,y). We set a

constant dy which appears in the Fisher information:

dy = +/2HB(3/2 — H,1/2— H)B(1/2 + H,1/2 — H).

For the model (1), the LAN property is formulated as follows. Let C([0,T]) be the space of continuous
functions on [0,7]. We consider the sup-norm on C[0,T] and the associated Borel o-algebra is denoted
by B(C([0,T7)). Let ul be the law of the solution (Xf’m)te[oﬂ on C([0,TY)).

Theorem 6 (LAN property). Suppose that Assumptions 1 and 2 are fulfilled. Furthermore we assume
E{(9pa)(XE,0)} = 0. Then the family (u})oco is LAN at a point 0 € ©, with a normalizing matriz

or(0) =T V2E,
and the Fisher information matrix
1(6) = o2 / / r=H=1/2~H=1/25£(9.,0)(X?, 0)(Dpa) (X7, 0)*} du dr.
o Jo

Remark. For a scalar parameter with E{(9pa)(X§,0)} # 0, the score has the order T'~# and the
corresponding normalization is 7~(=H); see Chiba [2018, Theorem 2.8 and Section 5.1]. Here we restrict
our attention to the centered case E{(0pa)(X§,0)} = 0, which has an essential difficulty and the condition
1/4 < H < 1/2 was required in Chiba [2018].

3 Partial Malliavin calculus and the stationary solution

3.1 Partial Malliavin calculus

We introduce the partial Malliavin calculus in this section. The partial Malliavin calculus on product
spaces has appeared in more general forms in Kusuoka and Stroock [1984] and Nualart and Zakai [1989].
Since only a simple tensorized version is needed here, we give a self-contained formulation adapted to
our setting. In the following, all appearing o-algebras are assumed to be completed.

Settings. Let W () be isonormal Gaussian processes associated with a Hilbert space H; on a complete
probability space (§2;, F;, ;) for i = 1,...,n. We can assume F; is the o-algebra generated by W®, We
set (Q,F,P) = ([112, &, @ Fi, ®*,P;). An isonormal Gaussian process (wi, .. .,w,) — W& (w;) on
(9, F,P) is also denoted by W (). We set an isonormal Gaussian process W& over K = @7_1H; by

wo zn:hj = iww(hj).
j=1 j=1

Note that the o-algebra o(W®) generated by W coincides with F = o(W M) ... W) generated by

W W), Indeed, if we take k =0@--- @ h; © - D0 €K, h; € H;, then WO (k) = WO (hy).
Let C2°(R™) denote the space of smooth functions satisfying |0 f(z)| < Co(1 + |z])Ne for every

multi-index «. For a Hilbert space H and an isonormal Gaussian process W over H, we define So(2; V)

to be a class of smooth random variables such that F' € So(€2; V') has the form

F = f(W(h1),...,W(h))v



where f € C;°(R™),v € V and h; € H,i = 1....,m. We set S(; V) = span Sp(£%; V). We define a
projection P; : KK — H,;, Z;-l:l hj — h;.

Notation. For a Hilbert space H, the LP-space of H-valued functions is denoted by LP(€; H). Note that
LP?(§2;H) consists of the strongly measurable H-valued functions F satisfying E{||F||5,} < oo. Similarly,
we denote the V-valued Malliavin-Sobolev space by D™P(; V). All tensor products of Hilbert spaces
are considered as completed. The algebraic tensor product of Hilbert spaces is denoted Hq ®a1z Ho =
span{h; @ ha | hy € Hi, he € Ha}.

Partial Malliavin derivative. Let V be a separable Hilbert space. We can consider an ordinary
Malliavin derivative (with respect to W) D™ : D™?(V) — LP(2; V ® K"). Recall that for F' € Sp(; V)

D'F= 3 O 0 fWE () WO ()0 © Ity @ - @ .

For a multiple index k = (kg, ..., k1), k; € {1,...,n}, the partial Malliavin derivative DX F" is defined
by
DXF =(Iy ® Py, ® - ® Py, )(DF).

Note that the k-th Malliavin derivative of F' € Sp(2; V) is defined by
D*F = Z Oy -+ O fWE(h), ..., WE (hin) ) @ Piyhuy, @ -+ @ Pl
l1,..,0lk=1

We set
1/p
|F Iy = (BAIFIG} + EYDY PG gy 3+ + E{ID® - DI o g 1)

for 1 <p < ooand k = (kg,...,k1). The closure of S(Q2; V) with respect to || - ||k p:v is denoted by D¥:P.
Note that D*P denotes the ordinary Malliavin-Sobolev space.
We set wW_; = (wl, ey Wi, Wiy e e ,wn) and (Q_i, ]P)_l) = (Hj#z Qj, ®J¢1P]) We can identify

LA V) ~ L2(Q_;) @ L*(Q; V) =~ L*(Q_; x Q; V)

(see Reed and Simon, 1980, Theorem I1.10). Let D; be the Malliavin derivative on Q; with respect
to W . An operator ILZ((z_i)ég\)Di denotes the closure of the operator defined on the algebraic tensor
product by

I 200 \®D)(G_;G;) = G_;D;G;, G_, € L*(Q_,), G; € DY2(Q;: V).
Q)

Proposition 7. The closed partial Malliavin derivative D) (corresponding to k = (i) ) is identified with
IL2(Q71.)®DZ‘. Moreover, for F € L?(Q; V),

FeDD2(Q;V) & F(w_s,-) €DY2(Q; V) for P_j-a.e. w_4, and

/ ‘ ||D1(F(W—za ))”iz(Ql,V@Hl) P_i(dw_i) < 0. (4)

—1i

Proof. Weset K_; =@, Hj and ;1 K_; = K,

J#i

tei(has e s b, he) = (R R, 00 i, o B,



We define an isonormal Gaussian process W =% over K_; by W®~i(h) = W®(,_;h). Then the random

variables in L?(Q_;) are approximated by S(Q_;), and G_; € S(Q_;) is of the form
G—i = f(WGa’ii(hl)? LRRE W®’7i(hm)) = f(W®(L—ih1)7 LERE W@(L—ihm))a hla RS h’m € ’C—i~

This gives DWG_; = 0.

For a simple random variable of the form G = G_;G;, we have

DYG = (DWG_,)G; + G_i(DVG;) = G_;D;G; = (I12(0_,y®D;)G.

Since random variables of this type are dense in L?(Q_; x Q;; V), we conclude D) = IL?(Q_i)®DZ‘. Note
that the right hand side is defined on L?(Q_;) ® DV2(Q; V) = L*(Q_;; DY2(Q,;V)), which gives the

condition (4).
The following statement follows immediately from the above proposition.
Corollary 8. Leti € {1,...,n} and F € D¥2(Q; V). Then
F(w-i,) €DY*(Q;V),  (DYF)(w-i,") = Di(F(w-i,")).
P_;-a.s.

Next we show D@ and E; commute if i # j. The expectation with respect to IP; is denoted E;:

EJ{F}:/Q F(wl,...,wn)Pj(dwj).

J

Lemma 9. Let 1 < p < oo, m < k and k = (kp,..., k1) with k; # j for alll = 1,...,m.

F e DPP(Q; V), then E;{F} € D*P(Q_;; V) and D*E;{F} = E;{D*F}, P_;-a.s.
Proof. For F = f(W®(hy),...,W®(hg))v, h1,...,hg € K, v € V, write
X, => WOPW), Yi=WYU(Ph), 1=1,....d,
q#]
X=X1,...Xa), Y=M,....,Ys), f(@)=E;f(z+Y)], zeR%

Polynomial growth of all derivatives gives

Of =E;[0°f(-+Y)], feCr, EF=f(X)eSKV)

O

If

for any multiple index a. Since k; # j, differentiation commutes with E; for every element of k. Jensen’s

inequality gives ||E;F|lkp < || Fllkp. For F,, — F in D*P(Q; V), closedness therefore yields

D¥E,F = lim D*E, F,, = limE,;D*F,, = E; D*F.

Partial divergence operator. For u € L?(€;V ® H;), define

u e Dom 0¥ — sup  [E(DYF, u)ygu,| < oc.
FeD2(V)
”FHLQ(Q)Sl



The Riesz representation theorem defines a unique 6Vu € L?*(Q; V) by
E(F,6Du)y = E(DYF, u)ygy, (FeDV3(V)), 69 =(DW)*
Corollary 10. Let u € Dom §®). We have u(w_;,-) € Dom &; and
(6D u)(w—s, ) = bi(u(w-i,-)) ()

for P_;-a.s. w_;, where §; is a divergence operator on §; with respect to W),

Proof. We have (DW)* = (Ir2q ) ®D;)* = I12(q_,)®0;. Then

weDom 6 & wue L*(Q_;;Dom &) < wu(w_;,-) € Dom &, P_;—a.s.,

/Q 185 (s, )12y Ps(dr—s) < o0

—1

The equation (5) holds for v = u_;u;, u_; € L*(Q_;),u; € Dom ;. The general case follows from an

approximation argument. O
Partial chaos decomposition. We define the projection to the partial r-th Wiener chaos of the ¢-th
component by

TNEF) = (In2a_p) ® Tr)F = G T (Gy), G_i € L*(Q_,), G € L* ()
for F = G_;G;, where 7, is an ordinary projection to the 7th chaos on §;. For a general F' € L?(Q_; x{;),
we define jr(i) by linearity and a limiting argument.

Lemma 11. We have

(T F)(wi,) = Tp(F(wos,-)
forP_;-a.s. w_; € Q_;.

Proof. An ordinary approximation argument gives

/Q Poild ) (TP i) = To(Fle-ss )y =0

For a V-valued random variable F € L*(Q; V), we have F = Z(;';(F, ej)ve; and define

(Iy @ GOV =" JWD(F, ej)ve;.

Jj=1
Partial Ornstein-Uhlenbeck semigroup. The Ornstein-Uhlenbeck semigroup is defined for F' €
L3(Q; V) by
POF =3 eIy o g")F,  t>0.
=0

Fix 1 <i<q<n. Let FeL*%V)be o(W®m, ... WD) measurable and let ¢p : Rt x ... x
R*a-1 — V be a measurable mapping with F = wF(W(l)7 ey W(q_l))7 P-a.s. Whenever there exists an
isometry U; q : Hi — Hgq, we define

MOOF =pp(WW e WO /1 — e 2WWD o Uy, W),



Remark. Later we will consider the case where H1 = ... = H,, and hence the existence of U will not be

a problem.

The partial version of Mehler’s formula holds.

Lemma 12. Let F € L*(; V) be measurable with respect to (WM, ... WD), We have
PF = E{M{(1)F} (6)

forie{l,...,q—1}.

Proof. First note that, for P_;-a.s. w_; € Q_;, the random variable w; +— F(w_;,w;) is in L2(Q; V).
Then the ordinary Mehler formula gives

(PYF)(w_s,") = P(F(w_;,")) = Eqop(WD(wy),...,e WO + /1 — e 2WD o, ..., WD (w,_1))
= B {(M{? (1) F)(w—i,")}-

This equality holds for P_;-a.s. w_;, in the L?(€);) sense. This implies (6) in the L?(2) sense. O

Partial Ornstein-Uhlenbeck operator. Note that joi)F = E;F and define

Dom L = {F € L*(Q)

S o TD(F) 72 < oo} . LOF=->"rg9F

r=0 r>1

Using the ordinary Ornstein-Uhlenbeck operator L; on §;, we can rewrite L() = I LQ(Q%)@)LZ‘ with the
domain L?*(Q_;; Dom L;).

Lemma 13. For F' € Dom L"),
LW — _s0OpOp

Proof. This is because

LY = I2q ®Li = (Ir2o_y® — 6:D;) = —(Ir2_,)®6:)(I12(0_®D;) = =6 DO,

For F € L?*(;V), the pseudo-inverse is

L) F= -3 Lg0R OO F = F o EF
r

r>1

Both assertions follow from orthogonality; in particular,

SR TOLO) |3 = |F - EF3.

r>1
The following are partial versions of well-known formulas. For the ordinary Malliavin operators and

Ornstein—Uhlenbeck semigroup, see Nualart [2006, Chapter 1] and Nourdin and Peccati [2012, Chapter
2].

Proposition 14. For F,G € D®:2(Q; V), we have
E{(F —EF,G—E,GQ)y} =E;{ (=D (L)1 F, DO
(F-EFG -G} =5 {(-D0uwO) R DYE),

10



P-a.s.

Proof. Put uw = —D®(LMD)~'F € Dom 6. Since §)u = F — E;F, conditional duality yields

E,(F —E;F,G —E;G)y] = E;,[(F —E,;F,G)v]
= EzKG, 5(1)u>v] = ]E?,<l)(z)GY7 u>V®Hi.

Cauchy—Schwarz gives integrability of all products. O

Proposition 15. Let 1 < i < q < n. Let U4 : H; — Hq be the isometry used in Méi). We assume
F e DWD-2(Q; V) is measurable with respect to c(WM ... W=D, Then the following statements hold.

(1) We have M{” (t)F € DO2(Q; V) N D@2(Q; V) and

DOMPDH)F = e "M (t)(DDF), DDMDH)F = /1 —e2(Iy @ Uy o) M (t)(DDF).

(2) For j ¢ {i,q}, if also F € DU)2(Q; V),

D(j)(Méi) (t)F) = M@ (t)(D(j)F).
(8) We have

_DO(LD) 1R = /Oo dr e‘TEq{Méi) () (DD F)} = /OO dr ]Eq{D(i)Méi)(T)(F)}
0 0

P-a.s.

Proof. For F € §(Q;V), (1) and (2) follow by the chain rule. Since /\/l((f) (t) is an L%-isometry, smooth
approximation and closedness of the derivatives extend (1) to D®):2(Q; V) and (2) to D@-2(Q; V) N
DW-2(Q; V). Since D commutes with E,,

DOPYF =t PO DO,

For (3), set

T ) _ ,—mT ) .
Or = _/ (PYF ~EF)dt =~ L2e ™ JO0F — (1O P i L@ V).
0

m
m>1

The integral belongs to D*-2(Q; V), and
) T . ) o . ) )
—-DWDQp = / e tPY DO dt, / e PO DDF|| 2y gnn dt < |DOF| 2 v eom.)-
0 0

Hence we have (3). All integrals converge in the indicated Bochner L2-spaces. O

A transfer formula for B°. In section 3.2, we investigate the Malliavin derivative of the stationary
solution X (B) of (2). However, in applications, we replace an fBM B with another fBM B¢ =Y, ¢; B®
and consider the Malliavin derivative of X (B¢) with respect to B In order to verify this calculation,

we need a transfer theorem for a Malliavin derivative.
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Let H' be another Hilbert space and A : H' — K be an isometric embedding. Let W’ be isonormal
over H’ on a source space (', F/,’). The map A pulls W® on K back to H’ and this isonormal Gaussian
process is denoted W4: WA(h') = WO (AR'). Let F' = f(W'(h}),...,W'(h,))v, f € Ce°(R™) and

FA = fWARY, ..., WAR,))v = F(WE(ARY), ..., WE (AR ).

The Malliavin derivative of F4 with respect to W) is

DWFA =3 "(0f)(WO(ARY),...,WO(Ah,))v @ PiAh; = (Iy @ P;A)gpp (WH).
=1

Here ¢pp (w) is an equivalence class (with respect to (P')" -a.s. identity) of functions whose representa-
tiveis >, (O f)(w(RY), ..., w(hl,))v@h]. Higher order derivatives can be calculated for k = (ky, ..., k1)

and

DMFA = N 0, -0, f(WE(ARY), ..., W (AN, )0 ® P, Ahj, @ -+ @ P, Ahj,

l17u.,lk:1
=y P, AR - ® PkkA)kaF’(WA)‘ (7)
Here Iy ® P, A® -+ @ P, A: V@ (H)®* 2 V@ Hk, @ @ Hy, is

(Iy ® Pl AQ - @ P, A)(v®@hy @ -+~ @ hy,) = v ® Py, Ah} @ -+ @ Py, Ahy,.

Assume that there are isometries U; : H' — H,; for each i = 1,...,n. For ¢ = (c1,...,¢,),|c|? = 1,
weset A.: H' — K by Ach/ = iUl @ ... ® ¢, U,h'. Then A, is an isometric embedding. Indeed

n n
1A I =D SIUH I, = 11130 Y ¢ = 10113, -
j=1 j=1

In this case W4« (h) = ", ¢;WU) (U;h) and

DXFAc = ¢ ..o, (Iy @ Uy, @ - -+ @ U, )W pi o (W), (8)
Furthermore, if H' = H; = --- = H,, = H, then we can choose U; = Id3 and
DXFAe = ¢y .. ciythpr pr (WA, (9)

For F' = ¢p/(W') € DPP(Q;V), set FA = ¢p/(WA). The formulas (7), (8) and (9) extend by the
following approximation argument.

Indeed, let 1 < p < oo and F,, € S(';V) converge to F' € D*?(Q/;V). Since W4 2 7 and
[1PiAll3, <1,

1Fn — F oy = |1 Fo = F'lloarvy — 0,
ID¥(Fy = )| (vert, o-at) < 1D (Fn = F)llLo@ve@nes — 0,

k=(k,....ki), 1<(<Fk

Closedness passes the cylindrical formulas to the limit. Taking A = A, and P;A. = ¢;U; proves the
remaining assertions.

In this paper we use the last special case and hence summarize it as a proposition.
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Proposition 16. Let W be isonormal over H on (Qo, Fo,Py), with independent copies w o owm
on (Q,F,P) = (O, FS",PS™). For ¢ = (c1,...,¢n), |¢|> = 1, an isometric embedding A. : H —
K, Ac(h) = cth® -+ ® cph pulls W over K back to H and defines an isonormal Gaussian process
We=W®oA, =37, ¢;W9 over H on (Q, F,P).

If F = yp(W) € D¥P(Qy; V) and DFF = ¢prp(W), then for any k = (kg,..., k1), we have
Fe = ¢p(We) € DXP(Q; V) and

DXF® = cx - cie, (Yprp 0 WF).

3.2 The stationary solution

We consider applying Malliavin calculus to the stationary solution X¢. This is essentially done in Chiba
[2018]. However we need the Malliavin differentiability up to order three in this paper. This is given in
this section.

The space of continuous functions w with w(0) = 0 is denoted by Q¢ = Co(R). We define Fy as
a completion of the o-algebra that is induced by the topology of compact convergence. There exists a
probability measure Py such that the canonical process B;(w) = w(t) is a two-sided fractional Brownian
motion. For w € Qg, we define a shift operator ¥4 as (Jsw)(t) = w(t + s) — w(s). It is known that there

exists a measurable set Qgo0d C Qo With Po(Qgeod) = 1 and ¥5Qg00d = Qgood such that if w € Qgo0q then
lw(t)] < C(w)(1+[t]?) VteR

for some C(w) > 0; see Chiba [2018, Section 3, p. 16].

We construct the stationary solution on Qgzo0q. We set

XPw) =z + /t a(X%%(w),0)ds + o By (w)
0

for all w € Q.
Proposition 17. For each w € Qgood, there exists lim, o Xﬁ’e(ﬁ,nw) that is independent of x € R.

x,0 w z
Proof. First note that (f,2,w) — X?(w) has the cocycle property: x X )’G(ﬁsw) = X#Z(w) holds
for any s € R and w € Q.
We have

t
XPw) - XPOw) =2 —y+ / (a(X2,0) — a(X¥°,0))ds
0

and the assumption (A1) and Gronwall’s inequality give
X7 (w) = X7 (w)| < e |a —yl. (10)

x,0
On the other hand, the cocycle property gives Xﬁfl (V)W) = X,)fl (19_("“)“))’9(19,”(;}). Hence com-

bining with (10) we have
X (O anyw) = X (D—pw)| < e (X7 (0 (nyyw) — 2. (11)

n

Since

1 1
XPOW_ i) — = / dr / de(@a) (X2 (9_(nayw) + (1 — 2, 0)(XE0(9_ny 1) — )
0 0

+a(z,0)+ oc(w(—n) —w(—n —1)),
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again the assumption (A1) and Gronwall’s inequality give

XTI (nyyw) — 2| < O(,0,w,0,a,a')(1 + n?)
for each w € Qgooa. This implies (X (9_,w))nen is a Cauchy sequence. The inequality (10) also shows
the limit is independent of x. [

We set X§(w) = lim,, 00 X2 (9_,w) and X (w) = X (Ysw).

Remark. Note that limp_, o, X;i’e(ﬁ,Tw) = Xo(w) for each w € Qgooa. In fact, the cocycle property gives

X320 g (9-1w),0

X;’g(ﬂ_Tw) =X/ (¥_|7jw). Hence
X5 0rw) = XE) 00 )] < e XEE ) (97) — 2.

A calculation similar to that in Proposition 17 shows that |X;’_9 7 (9_7w) — x| is of polynomial growth
with respect to T.

This limit is also LP(§2) for any p > 1. This is because supy g E{|X§’9(19,T)|q} < oo for any ¢ > 1
(see Chiba, 2018, Proposition 3.2).

Proposition 18. The process X{ is the unique stationary process satisfying
— — t —
X! - X% = / a(X,,0)dr 4+ o(B, — By) (12)

for any s < t, P-a.s.

Proof. A proof for the equation (12) is found in Chiba [2018, Proposition 3.5]. Let Y% be another

stationary solution satisfying (12). Since (X;/;?o(ﬁ_Tw))te[_T,O] and (Y(w))se[—7,0 solve the same

equation, X:}F_/‘T(w)’e(ﬂ_;pw) =Y{(w). Hence
V5 (@) = X737 (0-rw)| < e T Vo (w) — 2.

By stationarity of Y? we have limp_, o X%’G (¥_7) = Y in probability. On the other hand we have
mr o X%’e(ﬂ,T) = Xg, P-a.s. This implies Xg = }709, P-a.s. and after taking a countable intersection
we have X? = Y? P-as. O

Proposition 19. We set J, = exp (f:(awa)()_(f, Q)dr) 1(—oc,gy(s) for s,t € R.

(1) For anyt € R, the random variable X? has Malliavin derivatives up to order three, and its Malliavin

derivatives are given by
Dg, X! = O'stl, (13)
t

D.,D, X! = / (02a)(X?,6).07, (Do, X0)(D1, X°) dr, (14)

and
t
DD X! = [ I, |02a(XL (DL XD X (DX
—o0
| 8a(X?, e){(DSBDSIXfxDsZXf) T (Day Dy X0)(Dy X7

+ (DD XD X | ar (15)
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(2) Furthermore, these Malliavin derivatives satisfy the inequalities sup,cg |DX! ||l < C(o,H,a),
supep | D? XY [lyee < Clo, H, , [|07allc), and supye | D* XY [lyes < Clo, H, a, [|0al|oc, 1034l ),
P-a.s. In particular Xf € D3P for allp > 1.

Proof. In order to investigate the Malliavin differentiability of X¢, we set Zf’e’T(w) = XffT(ﬁ,Tw),
t > —T. The process Zf’G’T solves an SDE

t
20T Z gy / a(ZET0)dr +0(B, ~Bop). t>-T. (16)

Let Jz’ST = exp (f: (0,a)(Z20T, O)dr) 1;_74(s). The Malliavin differentiability (up to order three)
of Zy 0T can be shown by an ordinary Picard approximation argument. Its explicit formulas up to order
three are given by

D81Ztm,0,T _ O_JG,T

D52DS1Z?07T = / (aia)(zfﬂ,T’ H)Jz}T(DﬁZ:?ﬂ’T)(Dw Z’}?707T) dr,
-7

and

t
N e [@%a(z:”, 0)(Ds, 237 )(Dy 2597 )(Ds, 22°7)
T

+ aia(Zfﬁ’Tv 0) |:(DS3D31Z7?’07T)(D ZI’G’T) + (D83Dszzf’0’T)(DslZ:-Eﬁ’T)

s2r

(DD 220Dy 250 |ar.
These formulas are obtained by solving linear equations

t
Dzy " = / (0:0) (22T, 0)DZE dr + 011y,
=T

t
D2z = [ [(.a)(Zp"T 0D 20T 4 (@Ra)(27 0T O)(DZE )] dr
-T

and

t
Dzt = [ [(aza)(Zf’(”T79)(D32f’9’T) T (88a)(Z507 0)(DZ 0T

-T

+ (02a) (29T, 0)3Syms (D?*Z5%T) @ (DZ%T)) | dr.
Here Symy : H®3 — H®3 is a symmetrization operator

1
Symg(h1 ® ha ® h3z) = 30 Z ho) ® ho2) @ hos).-
.0663

By Chiba [2018, Lemmas 3.7 and 3.10], we have supy~.q sup;>_r | Dz

‘H S CKOQ}fﬂlaaqzzicha
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P-a.s. A bound for |[D2Z5%7T |30 is
0.7 t 0,7 0
ID2Z207 |00 < [02alloc / ar | IDZET

t
< [02a]|u C2 / dr e—elt=r)

_ 192all=CF
N Q
= CQ.

This bound is independent of ¢ > =T, T' > 0 and w € . Hence supp-sup;>_r 1D2Z50T || yee < oo,

P-a.s. Similarly, a bound for | D3Z7%7 |30 is

|D* 2

t
oo < [ dr €03l DZE T + 3020l | D225 [y IDZET )
T

103a]lcC? + 3]|02allo0 C2Cy
«

=: Cg

and the right hand side is a constant independent of ¢t > =T, T' > 0 and w € €.

By formally taking the limit ' — oo, we expect that the right hand sides of (13), (14) and (15) are
candidates for DX!, D?X? and D3>X?. They are denoted by Ggl), GEZ) and fo’). Note that the same
calculation as above gives sup,cp ||G§i)||7{®i < oo, 1=1,2,3, P—as.

First we show DZZ%T — GV in LP(Q; 7). Note that since Z&%T and X? are driven by the same

noise, an ordinary Gronwall statement gives
z,0,T v 0 —a(r+T v 0
|Zz20T — X0 < e+ D) — X9 .

Chiba [2018, Proposition 3.8] shows the Malliavin differentiability of X! and

t
DZIOT — / ()22 0)DZ dr 4 L, (17)
t
DX? =DX%, + / (0,0)(XE,0)DXdr + o1 (_7y (18)
-7

We set UT = DZ5%T — DX?. Then

t t
Ul = -DX%, + / (9pa)(Z220T 0)UL dr + / ((0,a)(Z5%T 0) — (0,a)(X8,0)DX,dr.  (19)
-T -T

Solving (19), we have

t

UF = —JE g DXY o+ [ I8 (00 (2207 6) ~ (010) (X1, 0) DX,
T
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The norm of U] becomes
— t — —
U I < e DNDXE 7]l + [107all /Tefa(t*”)lzf’e’T = XJ|IDXT [ dr

t
< Cret+T) H@ﬁaHOOCﬂ:r - X€T|/ e~ at=r)g—a(r+T) g,
T

= Cre M) 4102000 Ot | — X2 ple D) (1 4 T).

By the stationarity of X? we conclude UL — 0 in LP(€;H).
If we write D2 = [*_QyP"dr and GY = [* Q¢ dr, then Q0T — QY || o(snez) — 0 as

T — oo thanks to |[Dz5%" — Ggl) | r(2) — 0 (T — 00). A uniform bound

sup Q7 ogss + QL o < 920l o, H.)e =00
>

allows us to apply the dominated convergence theorem, yielding

t
6, T
1Q7"" = QF Lo (oyuez)ydr — 0
o0

D2z G§2)”LP(Q;H®2) < /

as T — co. The limit ||D3Z5%T — GES)”L}'J(Q;H@)S) — 0 as T" — oo is shown by an analogous argument.
We conclude that X¢ € D37 and D/ X{ = ng), j=1,2,3.
O

Proof of Theorem 3. Construction. We set (Q,F,P) = (Qf, F&™, PY") and BD(wy,...,w,) = w;.
Then BW,...,B™ are independent fBMs on (€, F,P). Let ®. : Q — Qg be ®o(wy,...,wp) =
Z?Zl cjwj. Then By o @, = Z?:l cht(j) is again a two-sided fBM. The process Y is defined by
yel = X960 @,.
Stationarity and uniqueness. Since P®c = Py and X is stationary, the process Y% is also stationary.
If Y is another stationary process satisfying (3), then Y*? and Y9 satisfy the same equation

t

780 = 70 4 / (25, 0)dr + o(By(®.) — B_p(®.)), (=T < 1).

-T

Hence [V — V2% < ety — ¥9P|. On the other hand,

supp{|yfﬁ Y > R} <P {|Y0079| > 3/2} +P {|f/;v"

T>0

>R/2}—>0 (R — o0)

and we have [P {|th’9 — th’9| > 6} = 0 for any € > 0. After taking a countable intersection of sets of full
P-measure, we can conclude Y4 = ye!,

Malliavin derivatives. The processes B, B, ... B define isonormal Gaussian processes over H =
Ii/sz(LQ(]R)). The composition B(h) o &, = Z?Zl ¢;BY(h) is also an isonormal Gaussian process
over H on (2, F,P). This coincides with W¢(h) = W®(A.h) in Proposition 16 (in this proof we denote
B¢ = B%®(A:h)). We take measurable representatives ¢f,9¢ . (r = 1,2,3) with X/ = 4{(B) and
DX = ¢, (B). Then

Y(B) =yl oBod, = X! o d, :th,a,

P-a.s. Hence by Proposition 16, we have

DY = ey, - e, ) (BC)
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for a multi-index k = (kg, ...,k1). By Proposition 19,

t
D(kl)th,e — cklwzl(B o®d.) = ck,0exp </ (&ca)(Xf o <I>c,9)dr> 1(—ooy(r) = 0K, ij,e.

The higher order derivatives are calculated in the same way.

4 Cumulant Calculation

We use standard graph-theoretic terminology for trees, forests, degrees, and leaves in Sections 4.2-4.3;
see Diestel [2017, Chapter 1].

4.1 A representation for the joint fourth cumulant

A joint fourth cumulant. For real random variables Fy,..., F3 € L4(Q), put F, = F, — EF,. Their

joint fourth cumulant is

ka(Fo, Py, Fy, F3) = E{ﬁoﬁﬂ%ﬁs} — E{ﬁoE}E{ﬁzﬁs}
— E{FoFXYE{F\F3} — R{FoF3}E{F\ F,}. (20)

The I'-operator. On the product Gaussian space of Section 3, define
AU = DLy, Ty(U,V) = (AU, DOV )y,
The partial integration-by-parts formula reads
E{(U -E,U)V} =EAL;(U,V)}. (21)

For U,V € D2 this is an L' identity in the other Gaussian components. When there is only one
Gaussian component, we write A = —DL~! and T'(U, V) = (AU, DV )4,.

Lemma 20 (Iterated Gamma identity). Suppose that Fy, ..., F3 € ﬂl<il7<oo D3P gre centred functionals

of one isonormal Gaussian process. Write Ss for the siz permutations (i,7,k) of (1,2,3). Then

ka(Fo, P, Fo, Fy) = Y E{T(C(T(Fo, Fy), Fy), i)} (22)
(i7jak)653

Proof. Set G; = T'(Fy, F;), so that EG; = E(FyF;). Integration by parts and the product rule give
3
54(F07F17 F27 FS) = ZE{(Gl - EG%)Fij}a {Jv k} = {]—7 27 3} \ {Z}
i=1

For each ¢ the summand equals
E{I'(G;, F;)Fi} + E{T'(G;, Fy) F;}.

Since Fj, F, are centred, one more integration by parts gives (22). O

Remark. Rewriting cumulants using an iterated gamma operator is, for example, seen in Nourdin and
Peccati [2010] where Fy = Fy = F3 = F.
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An interpolation with independent noise. Let (£, Fo,Py) be an underlying probability space and
let W be an isonormal Gaussian process. The independent isonormal processes W9, ¢ = 0,1,2, 3,
over H are defined on the product probability space (2, F,P) = (Q2, ]—"5‘,]}”5@4) by

W@ =w® o1, Iy (wo, w1, wa, w3) = wg.

Every functional F, of W (%) on Qg is identified with F, = v,(W®) on Q. We set u =P o (W(®)~1
and then 1, is determined p-a.s. On such functionals, the ordinary Malliavin operators coincide with

their partial counterparts in the Oth coordinate: ¥pr = ¥ p) r holds p-a.s. In particular,
DU, V) =To(U,V) := (40U, DOV)y,  Ag=-DO(LO)7

and hence
Eo{T'(T(T'(Fo, F}), F;), Fr)} = Eo{To(To(To(Fo, F), F;), Fr)}-

For ¢ =1,2,3, put ag = e 7¢,b, = (1 — a§)1/2, and let M, be the partial Mehler substitution
My (WO WD WD)y = p(a,W O + b, W@ W e

for measurable ¥p : (R™)? — R. By the partial Mehler formula, Ay in the gth gamma operator becomes
AU = / agB {M,DOU} dr,.
0

For ¢ = (cg,c1,co,c3) € R, write W€ = Zi:o ¢, W), Whenever cq = 0, the substitution M,

transforms W¢ into W*«¢, where
Rqc = aqcoeq + bycoeq + E Crér.
r#0,q

In particular, R, preserves the norm of such coefficient vectors.
For a permutation (4,7,k) of (1,2,3), the four noises occurring after the three successive Mehler

substitutions are therefore
co = R3R2R1eq, ¢; = R3Rseq, cj = Rseo, ¢k = €,

that is,
Co = (0102a3, b1, aibs, a1a2b3)7
¢; = (azas, 0, by, aszbz),
¢; = (as, 0, 0, b3),
¢, = (1, 0, 0, 0).

For v € {0,4,j,k} and 1 < r < 3, choose a measurable representative D" F}, = ¢prp, (W) and set
Fle i= pprp, (W€) € HET.

Contraction operator. Let h ®, g denote the r-th contraction of tensors (see Nourdin and Peccati,
2012, Appendix B, Section B.4).
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Definition 21 (Contraction operators). Let T = (V| E) be a tree and set
V ={0,4,5,k}, ET)C{{v,w}:v,weV,v#w}, Erlv)={ecET):vee}, dr(v)=#Ep(v).

Let U, € H®47 (") he symmetric tensors. We define an iterated 1-contraction operator Cr by the following
procedure. Choose a vertex v with dr(v) =1 and let {v,w} € E(T). Then we set T/ =T \ {v} and

Uv®1Uw, r=w
Uy, T Fw

Ul =
and Cr((Uz)zev) := Cr/ (U, )zev\{v})- Repeat this procedure until Cr((Uz)zcv) becomes a scalar.
Remark. The definition of Cr is independent of the order of contraction. First we assume U, = ul dr (v)
with w, € H. In this case Cr((Uy),) = He:{v,w}EE(T) (uy, uy) and this is independent of the order of
contraction. By multilinearity, the same holds for finite linear combinations of such symmetric tensors.

Since 1-contraction satisfies ||g ®1 hllyewrr—2 < ||g|l3ed||h]|2er, we have

Cr((Un)oev)| < [T 10ullpgsarco- (23)
veV

Let Cq(}) ((Uy)vev) and Cq(? ) ((Uy)wev) be two scalars obtained using two different orders of contraction.
Let U, € H®¥®) be a symmetric tensor. By the polarization identity and density, we can choose a
sequence (U,E’”)neN C H®1 () of finite linear combinations of tensors u®4r () with ||U, —us lyy@ar ) —
0 as n — oo for v = 0,4, 7, k. Then

Cr(Un)vev) = lim 0 ((US)vev) = lim C(U)oer) = €5 ((Un)vev)

by (23).
For ¢ = (co, ¢i, ¢j, cx), use the evaluation

[T]. := Cr(F;c) :=Cr (F(ng(O)]xCO7 Fi[dT(i)LCi’ FJ[dT(j)],Cj 7 FidT(k)]:ck). (24)

The iterated gamma identity (22) is evaluated using the weighted contraction of some trees.
Proposition 22 (Six-term Mehler representation). Under the assumptions of Lemma 20,

6
E{T(D(T(Fo, Fy), F}), Fr)} :/ arazaz »_ wy B{[Ty] } dridrydrs, (25)
(0700)3 /=1

where the expectation is over all four Gaussian components and the trees and weights are as follows. An

entry uwv denotes the edge {u,v}.
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¢ Ty E(Tz) Wy
1 AN {0i,05,0k}  aas

2 o0 ik {0i,05,ik}  aias

3 i 0 J k {0270]7]k} ay

4 ko0 i {0,i5,0k}  aias

5 AN (0i,ij,ik}  as
0 j k
6 o i ik {0iijjk} 1

All integrals are absolutely convergent.

Remark. Intuitively, we begin with the graph © ¢ which corresponds to I'(Fp, F;). The product
0 i 0 i

rule for the inner product gives a; 7 * and * 1 which correspond to (D(-DL™Y)F,, DF;) and

(=DL™'Fy, D*F;) respectively. Operating M, and taking inner product with DF} gives the graphs

a;? 0 i and 0 i 7. After doing once more derivative, applying the product rule, operating M3 and

taking the inner product, we have six graphs of the table below.

Parent graph Free derivative slot =~ Weight  After M3 and DFj},

a1 (araz) /I\

<
o
S

:
£

<
o
<

:
it
{

a1a9 Jj 0 i k

<
o
N

:
.
{

a1 i 0 J k

(=)
=,
S

1-ajas k0 i J

:
E
{

(=}
=
S

i N

:
1

o
.
<

{o
<
*J
—_
—_
{O
~

<

El

Proof. Absolute convergence of the integrals. By (23),

E[[T]. | <E [ IEM @ lp0urer < T EIDT | 00p00)
veV veV

Since Fy,...,F3 € ﬂ1<p<oo D3P, the right hand side is finite. Note that 0 < w; < 1forl=1,...,6 and
f(o’oo);j a1a2a3d7'1d7'2d73 =1.
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Derivation of the formula. First DO F; = Fim’eo and the transfer formula gives

D(O) F(g'r‘]yR2R1€0 _ QIGQF(gT+1]7R2R160’ D(O)Fi[T],Rzeo _ aQFi[T—l-l],Rzeo’ D(O)Fj[r],eo _ F][r—i—l],eo

forr=1,2.

The first gamma operation becomes
To(Fo, F) = /Ooo dria By (M (D Fy), DO F)q,
My (DO Fy) = My (¢ p0) g, (W) = 9opp, (aa WO 4 by W) = FihHiee,
(these equations are in the sense of p-a.s. equivalence classes). Hence
To(Fo, Fy) = /Ooo dryai By (FyH e Flbeoy,
For the second gamma operation, we need to calculate
Aol'(Fy, Fi) = /0°° dT2a2E2{M2D(O)F0(F0,Fi)},

DOT(Fy, F;) = / dria By {(DO FHreo plikeoy, o (plilRieo po) plileoy, v
0

My (DO R B0 = 4y (W gy (WHT90), i, (WH20) )3y = ay (M, Fli 0,
My (Fg M0 DO = (p, (WHH0), o, (WH200) )5 = (Fyh e pakfce,,,

Hence
AoFQ(Fo, Fl) = / dTldTQ(ZlaQEl{Eg{alFo[Q]’RQRleo ®1 Fi[1]7R2eO —+ Fo[l]’RZRleo ®1 Fi[2]7R260}},
(0,00)2

[(To(Fo, Fy), F) = / dridryayasEy {Eo{ay (Fy 210 @) Bl R0) @) pitheo

(0,00)2
+ (F(EI]’RZRIEO 1 F'[Q]ster)) ®1 Fj[l]’%}}-

Now we write out the third gamma operation:
DOT(To(Fo, F), Fy)

= / a1a2E1E2{
(0,00)?

a%ag (F(g?)],RQRleo 1 .Fi[l]’RQeO) 1 Fj[l],eo + ajas Fi[Q},Rgeg 1 (FO[Q],RQRleo 1 Fj[l],eo)

+a Fj[2],eo ®1 (F(g2],R2R150 1 Fi[l],Rgeo) + ajag FéZ],RgRleo ®1 (Fi[2],Rzeo ®1 F}l},eo)

+ ay (Fi[3]7Rgeo 1 F(gl]’RleeO) 1 Fj[l],eo + FJ[Q],eO 1 (Fi[2],R2€0 1 F(gl],Rleeo)
}dTldTQ.

The third inverse-generator formula is
AoTo(To(Fo, F), Fj) = / azBs{ M3 DOT(To(Fy, Fy), F})} drs.
0

In each of the six terms just displayed, M3 acts by

MgF(ET]’Rleeo _ PgT],R?,Rleeo7 M3Fi[T]7R2EO _ Fi[TLRSRZE(]? MgFj[T]’eO _ FJ[TLRSEO.
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Taking the inner product with D) F), = FE]’SO gives

Lo(To(To(Fo, Fr), Fy), Fr)

:/ a1a2a3E1E2E3{a%a2 <FO[3]’RSR2R1€0,FZ-[I]’RSRZEO ® Fj[l],Rgeo ® F]E]’EO>H®3
(0,00)3

+ arag (FPH 000 @, (R @, plIkc) il
+a <FJ'[2]’R3€O ®1 (F(£2]’R3R2Rleo &1 Fi[l]’RSRwO), FJLI],GO>H
+aray (F e @ (pRMMe g, plilhfac) plihey,
tag (B0 @) ph ) @ ko, glle),

b (BP0 g (FEFORa0 g, pliRsRaAie) pllao), L g g,

7

In the displayed order, the six scalar contractions are precisely

0
A\ |:|:j0’Lk‘:|:| |[z()]k]:|
) b )
*——o——0 | C *——o—o—0 | C
i 7 k
c
%
ka]]], A\ ,|[013k]]
c c

c

Their coefficient vectors are cg = R3RaR1eq, ¢; = R3Raeg, ¢;j = Raeg, and ¢; = ep, as specified before
the proposition. The six weights are respectively aaz, ajaz, a1, aias, az, 1.
Taking Ey proves
E{T(I'(I'(Fo, F3), F;), Fr) }
6

— / . ai1a2a3 Z weB{[T] .} dridmadrs,
(0,00)¢ =1

which is (25).

4.2 Application to the stationary solution

An explicit formula for the stationary solution. Fix 6 under Assumption 1. For f, € Fy,
Proposition 19 and stationary moments yield F, = fv()_(fv) € ﬂ1<p<oo D3P, Suppress 6 in Y, J,a and set

Uf =tpxe (W) =0Ji., VI=vYpge(W), Zi=1psge(W).

Theorem 3 and the transfer formula give

t

ve= [ i an (26)
— 00 ’
t

Z¢ = / Ty [0 (VE(UR)® + 3a” (Y,0)Symy (VS @ UY)] dr (27)
—0o0

These Hilbert-tensor identities give

D(q)Y;c _ CqUtC; D(‘H)D(QI)’Y;C — quchVtc-
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The chain rule is

Fie = fi(Y)UF,,
Flbe = fI(YE)UE )P + fL(YVEVE,

v

Fibe = f(YE U )®® + 3f1 (Ve )Symg (VE @ UY)) + fL(YE) Z . (28)

Ounly o’,a”,a"”" and f), f//, f!'" occur. For every finite p > 1,

3 p
(Z £ (Yf)l)

sup E
teR, |c|=1

< 00. (29)

Decorated kernel trees. Let us consider an inner product (V,¢, US®@U¢) 40> for example. This becomes

t
VU@ Udon = [ a0V U U US U
— 00
and some time variables of the decaying kernel (US, U}y, are integrated over. In order to incorporate
this structure, we consider decorated kernel trees. The free vertices are called external and the integrated

ones internal. The solid edges represent (-,-)3 (or K below) and dashed ones multiplication by J.

Definition 23 (Kernel diagrams). Set

ker

Kea(s,t) = (U5, Uy = [{ s ! ]]d (30)

o Fix a tree T = (Voxs, E(T)), where Very = {0,4,5,k}. A kernel diagram G associated with T is

obtained by adjoining a finite set V;,; of internal vertices.

o FEach internal vertex x has a unique parent p(z) € Voxt U Vint, so that the dashed edges Eq(G) =

{p(x) = x : & € Vi, } form a forest rooted at the external vertices.

o For z € Vg U Ving, let A(2) € Vixt denote the root of its dashed component. In particular A(v) = v

for v € Voyt. Thus every internal vertex inherits the noise attached to its external root.

o The solid edges E4(G) are in one-to-one correspondence with the edges of the original tree T
for every e = {v,w} € E(T) there is exactly one solid edge {x.,y.} € Es(G) satisfying \(x.) =
v, A(ye) = w. Thus the expansion does not create new contraction edges; it only moves their

endpoints along the dashed forests.

(mm

« Each internal vertex z carries a label m, € {2,3}, representing a(™+), and each external vertex v

carries a factor ¢, € {1, f/, f//, fI'}.
o Set Dg(t) = {(ra)ecvin, : e < rp(z) for every @ € Vi }.

Then we define the evaluation of a kernel diagram G by

[G]e = /D o o) T o
G

VE Vext € Ving (31)
Cx(z)
X H JTp(z)7T-’E H KC,\(;),CA(y)(Tfmry) H d?‘z.
€ Ving {z,y}€E; € Ving

Here r, = t,, for external vertices. Empty products are understood as one.
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Remark. Let us explain rules for replacement of vertices and edges. If dr(v) = 1, then
Fiher = (Yo ULr.

Thus no internal vertex is introduced: the unique solid edge remains attached to v, and the external
decoration is ¢, = f7.
If dr(v) = 2, then
FPber = fIYE U2 + fL(YE Vi

The first term leaves both solid edges attached to v, with ¢, = f!'. For the second term, (26) gives
ty
Ve [ an e, ) an

Hence we introduce one internal vertex x, with parent p(x) = v and label m, = 2, and move both solid

edges from v to x. In this case ¢, = f). For example,

ker
t
)
(VUL @ Us)yon = /w”
(32)
8 w c,d,e

¢
= / a"(YE)JE Kea(r, s)Ke o (r, u) dr.

— 00

If dp(v) = 3, the three terms in
EPher = £ U5 + 31 (V) Symg (Vi @ UFy ) + fL(Yer) 23

give the following replacements. The f/’-term introduces no internal vertex and leaves all three solid
edges attached to v. For the f//-term, choose one edge eg € Er(v). The U-factor carrying ey remains at
v, while the other two U-factors come from V. Thus one internal vertex x with p(z) = v,m, = 2 is
introduced, and the other two solid edges are moved to x. The three choices of eg are precisely the three

terms represented by 3 Symg (VS ® Uy”). For example,

ker
t
d 3 ker :
Cc €4 Sa i
ssmg (Ve UN. QU ) = 3 [, A ,
7=ty (apa)ed
sg S’Y
c,eg,€y

A=1{(1,2,3),(2,3,1),(3,1,2)}.

Finally, expand Z;* by (27). Its a’’-term introduces one internal vertex x with p(z) = v,m, = 3,
and moves all three incident solid edges to z. For the a” Syms(V ® U)-term, choose again one incident
edge eg. Introduce two internal vertices arranged as v — = — y,m,; = my = 2. The solid edge
labelled by eq, corresponding to the outer U-factor in V. ® U,., is attached to x, while the other two

edges, corresponding to the two U-factors in V)., are attached to y. Again the three choices of eg account
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for the symmetrization multiplicity. For example,

ker

3
l T, a
<Z§,®U§;> - v a + ./Q\ Ll

1=1 H®3 (,B.0)EA || sa Na (33)
S1 S2 S3

n sg S5

A=1{(1,2,3),(2,3,1),(3,1,2)}.

Here m = (¢, d1,da2, d3) assigns noise ¢ to the root ¢ and noise d; to the leaf s;. The nested diagram on

the right evaluates to
t r
/ dr / dg @ (YE)a" (YE)IE I K erdo (s 50) Koty (0 55) Ky (0 55).

Similarly, for the path « ¢ s v with noises (e, c,d, f),

ker
t s
* *
e c d f ‘ ‘
Cu t s 1;(Uu7‘/:tan7Uv): T§GIM§G//
(34)
“ Y cde,f

t s
:/ dr/ dqa”(Yf)a”(qu)Jfﬂ,Jque,C(u,T)chd(r,q)Kdyf(q,v)

and so on.

In this way each original edge of T produces exactly one solid edge of the resulting kernel diagram.
In particular, Fs(G) — E(T),{z,y} — {\(x), A(y)} is a bijection. The dashed edges are exactly those
introduced by the integral representations of V and Z.

Let £(T) denote the resulting finite multiset of kernel diagrams. We keep a multiset, rather than a
set, because different choices of edge labels in the symmetrized terms may produce the same underlying
unlabelled diagram and must retain their multiplicities. With this convention, the preceding expansion
gives the following identity.

Lemma 24 (Kernel expansion of a tree contraction). For every tree T' occurring in Proposition 22,

[T = > [GT&™ (35)

Ge&(T)

Remark (Complete list of the diagrams in £(T)). Every tree in Proposition 22 is a star or a path. The
following lists retain the external labels and the labels of the original edges. Internal vertex names are

dummy integration variables; renaming them does not create another element.

Stars. Let T = A\ . Each leaf u; has decoration ¢, = f; . The eight elements of £(T") are drawn

U uz ug

below, grouped by the decoration at the centre. The decoration in the left column belongs to every
diagram in that row; together with the leaf decorations it completes the data of each decorated kernel

tree.
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o Elements of £(T)

s N

uy v uz v us v
! ! |
" X oo X oo Koo 1
° Aa Aa Aﬂ
u2 us us Uy uy u2

In every diagram, all internal vertices have root v and noise ¢,. The counts 1 +3 4+ 1+ 3 = 8 come
respectively from the f//U®3 term, the 3f”Sym,(V ® U) term, and the two terms in the expansion of
1z

Paths. Let T = * v v = The end vertices always have ¢, = f and ¢, = f.. At each of v,w,
independently, either keep its two solid endpoints there, or move both to a new internal child. The

complete list is

Element of £(T') o o

AR O
v
cle g
r; a
w
z I v u f»{;/ f/
T ll”
v w
L] L]
7 a” P—O\‘Y & a; a” fo T
u 2

The third diagram is drawn in reversed horizontal order to show the expansion at w. Each open vertex
has label a” and inherits the noise of the external vertex above it: in the second diagram r has noise c,,
in the third r has noise ¢,,, and in the fourth r, ¢ have noises c,, ¢, respectively. Thus there are 2-2 = 4
elements.

Consequently,
#HE(T) = #E(Ts) =8, #E(T) =4 (1=2,3,4,06),

where cardinalities count multiplicity and 7} are the six trees in Proposition 22.

4.3 Bounds for Malliavin inner products

Put



The following lemma is a slight generalization of Chiba [2018, Lemma 5.8, pp. 41-43].
Lemma 25 (A bound for one edge). For fized unit vectors ¢,d and s,t € R,

(UE, U] < Cp(t - 5), (36)
(DDYE DDY) | < Cleydy|p(t — s), (37)

almost surely, where C depends only on H,o,a,a’. For varying parameters these bounds hold almost

everywhere in their product with probability measure.

Proof. Fix unit vectors ¢,d and work on the probability-one event on which the paths Y¢,Y? are con-

tinuous. As above,  is fixed and suppressed. Define

t
. . exp (/ ' (Y°) d?“) , <t . .
q;(z) = Jt,z = @ Ui =oq;.

0, x > t.

Thus the dependence on c is through the path Y¢ in the exponential. For x < ¢, assumption 1 therefore
gives
0 < qf(z) < e (t=2), 10,45 (z)] < a'e” (=),

The constants in these deterministic bounds do not depend on ¢ or on the path. The same statements

hold with d in place of ¢. Set v =¢ — 2z > 0. A formula for the Marchaud derivative gives
[DYgi(x)| <C [qf(ﬂﬂ)v_7 +/ 4§ () — g5 (z +w)[u™ 77 du (38)
0

(see Nualart [2006, Appendix A.5]). For 0 < v < 1, the bracket is bounded by Cv~7 + C’fov u "V du <
Cv™7. For v > 1, splitting at v/2 yields

v/2
/ g5 () —qf(x+u)|u—1—7 du < Ce_o“’/Qvl—"Y,
0

/ ) i sl du < / e
v/2 v/2

< Cle ™™ 407 177).
Consequently,

v, O0<v<l, 1 9
DLgi(2)| < Ch(t — 2)lgzcyy,  h(v) = he L' N L*(0,00).
v, v >,

Both h and C are independent of ¢ and the path. Apply the bound to ¢¢ and ¢f. By the definition of

the inner product on #,

Kea(s,t) = (US, Uy, = 0% / (D7 %) (@) (D ¢)(x) d,

sAt
|Kea(s,t)] < C/ h(s —x)h(t — ) dz.
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For A =t — s > 0, substituting v = s — = gives

> 17113, 0<A<,
[Ke,als )] < O/ h(v)h(v+A)dv < C < Cp(A).
0 Ak A=Y A=

The case t < s follows by symmetry. Finally,D(9Y, = ¢,Uf, which gives (37). O

The next elementary estimate allows us to integrate internal time variables without losing the decay

carried by the solid edges.

Lemma 26 (Exponential integration). For m >0, 8 >0, s1,...,8m,t € R,

t m -
/ e—alt—r) H(l +lsi = 7)) P dr < Copm H(l + |5y — t]) 5. (39)

=1 =1

Proof. Foru=t—r >0,
T+]s =t <A +u)(l+ s —t+u]), Cogm = / e (1 +u)™ du < co.
0

Substitute and multiply over . O

For example, the diagram (32) can be bounded as

ker
t
¢ t
/W” < C’/ e p(r — 8)p(r —w) dr < Cp(t — s)p(t — u). (40)
s w c,d,e

(constants C' are updated in the second inequality).
Thus integrating the internal vertex simply transfers the decay of the two solid edges from the internal

time 7 to its parent time . We now formalize this operation.

Definition 27 (Deterministic majorants.). Let T = (V, E(T)) be a tree on finite external vertices.
Starting from a kernel diagram G € &(T'), forget the labels m,, the external decorations ¢,, and the
noise coefficient vectors. We also allow diagrams obtained from such a graph by repeatedly removing
dashed leaves as described below.

Denote this enlarged family by £(T). Every G € £(T) has the following properties:
e the dashed edges form a forest rooted at V;

o every vertex z has a root A(z) € V;

o the map E,(G) — E(T),{z,y} — {A (), A\(y)} is a bijection.

For G € E(T), set r, = t,, for v € V and define

B(G) ::/ H e rp@) 77 H p(ry —1y) H dry.
D¢ (t)

p(z)—>z€E4(G) {z,y}€E:(G) z€Vint(G)

This is the deterministic majorant obtained from the kernel evaluation by replacing every propagation

factor J with its exponential bound and every solid kernel K with p. The estimate (40) is rewritten
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using B as

ker
t
)
N// < OB < s t u )
—eo—o
s u c,d,e

Lemma 28 (Pruning a dashed leaf). Let G € E(T), and let x € Vi (G) have no dashed children. Put
m = #{e € E,(G) : © € e}. Remove x and the dashed edge p(x) — x, and move every solid edge attached
to x to its parent p(x). Denote the resulting graph by G /z. Then G/z € E(T) and B(G) < Cy 3,mB(G/z).

Proof. Since x and p(x) belong to the same dashed component, A(xz) = A(p(z)). Hence moving a solid
edge from z to p(x) does not change the corresponding edge of the original tree T. In particular, the
bijection Es(G) — E(T),{y, 2} — {\(y), M\(2)}, is preserved, and therefore G/x € E(T).

Let y1,...,ym be the solid neighbors of z. Since x has no dashed children, after fixing all time

variables other than r,, the factors in B(G) which depend on r, are precisely

m
efa(rp(w)*"'a:)

plre —1y;), Te < Tp(z)-
7j=1

Lemma 26 therefore gives

Tp(x) U m
/ e~ (rp()—T) H p(ry — Tyj) dry < Copom H p(rp(gg) _ Tyj)_
j=1

— 0 j=1

The product on the right-hand side is exactly the contribution obtained by moving all solid edges attached
to « to p(x). The remaining factors are independent of r,, and hence (after changing the order of
integration) B(G) < Cqu g.mB(G/x). O

Every nonempty finite dashed forest has a vertex with no dashed children. Thus Lemma 28 can be

applied repeatedly until all internal vertices are removed.

Corollary 29 (Removal of all internal vertices). For every G € £(T),

Bay<c [ plte—tw),

{v,w}eE(T)
where C' is independent of the external times and the coefficient vectors.

Proof. Starting from G, repeatedly choose a dashed leaf and apply Lemma 28. Since the dashed forest
is finite, after finitely many steps all internal vertices are removed. The root labels of the endpoints of

every solid edge are preserved at each step, so the final graph is the original tree T. Consequently,

BG)<CBIT)=C [[ »lte—tw)
{v,w}eE(T)

Moreover, the local replacement rules of Section 4.2 show that every G € £(T) has at most two
internal vertices. Indeed, a tree on four vertices has degree sequence either (3,1,1,1) or (2,2,1,1). A
vertex of degree one introduces no internal vertex, a vertex of degree two introduces at most one, and
a vertex of degree three introduces at most two. Hence the number of applications of Lemma 28 is

uniformly bounded. O
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Remark. For example, the diagrams in (33) satisfy

ker

c,dse, f

Another example is the diagram (34):

" ker

N t
* * .
! l

T;auv Vq;a// §C2B u ) s v SCP,B(U t s v)
/ \ —O—eo—o o—eo oo
M ; 'l"; a//
c,de, f

< Cap(u —t)p(t — s)p(s —v).
We now return to the random kernel evaluations.

Lemma 30 (Contractions attached to a tree). Let T be a tree on four vertices, let F, = f,(X! ), and

let ¢, be arbitrary unit coefficient vectors on the same finite product Gaussian space. Then

Ellfll<C ] olte —tw),

{v,w}e€E(T)
where C' is independent of the times and the coefficient vectors.

Proof. By Lemma 24,[T]c = > cee(r) [G]ker. Fix G € £(T), and denote by I(r) the integrand defining

[G]ker. For every external vertex v, its decoration is of the form ¢, = ,SZ“), 1<4, <3. Set

A =TT |0

veV

By boundedness of ¢ and @””’, Lemma 25 and 0 < J,2@) . < e~ ~"+) we have almost surely

Tp(z)Tx

/ 1o(r)| [[ dre < CAcB(@) < CAq [ plts — tu):
D (t)

€ Vint {v,w}eE(T)

Holder’s inequality and (26) give

<0,

L4

E[Ag) < [T [ £ 0vier)

veV

uniformly in the external times and in the unit coefficient vectors. Hence

E(lclE <c [ elte —tw).

{v,w}eE(T)

Since £(T) is a finite multiset whose multiplicities depend only on the local expansions of Section 4.2,

summing over G € £(T') proves the assertion. O

It remains to pass from the decay associated with the edges of an arbitrary tree to the decay associated

with the three consecutive time gaps.
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Lemma 31 (From tree edges to consecutive gaps). Let to,...,t3 be distinct, and let t(g) <ty <t <

te3) be their increasing rearrangement. For every tree T' on {0,1,2, 3},

2
H pty — tu H tet1) — b))

{v,w}eE(T)

Proof. Let vy, vy, v2,v3 be the vertices ordered so that
tvo = t(O) <y, = t(l) <tyy = t(g) < tv3 = t(g),

and let P be the path consisting of the three adjacent edges {vop,v1}, {v1,va}, {va,v3}. If T = P, there

is nothing to prove. Otherwise, choose an edge
e={vy, v} € E(P)\ E(T).

Adding e to T creates a unique cycle. This cycle contains an edge f = {v,,vs} € E(T) crossing the gap
(te), te+1))- Hence [t —ty,| > t(g41) — t(e). Since p is decreasing on [0, 00),

pty, —to,) < p(tes1) —te)-

Replacing f by e therefore produces another tree T” such that

H p(tv - tw) S H p(tv - tw)-

{v,w}eE(T) {v,w}eE(T")

Moreover, T” contains one more edge of P than T. Repeating this operation finitely many times yields

P, and hence
2

IT  oto—tw) <TIp(tess) —tw)

{v,w}eE(T) =0

holds. O

Proof of Theorem 4. Set F, = f,(X{ ). By stationarity and f, € Fy, E[F,] = 0. Lemma 20 and Propo-

sition 22 give

6
H4(F0,F1,F2,F3) = Z / a1a2a32’U)gE[[[Tg]]C] dTldTQdTg.
(irj,k)€Ss ' (00 =1

By Lemma 30,

E H[[Tf]]c” <C H p(ty — tw).

{v,w}eE(Ty)

Lemma 31 then yields

E([Tdel] < C ] plterr1) — t)-

=0

Since 0 < wy < 1 and f(o oo)? 010203 dridradTs = 1, we obtain

2
|ka(Fo, F1, Fa, F3)| < C H p(ters1) — tr))-
r=0

Recalling that p(u) = (1 + |u|)=3/2, the desired estimate follows. O
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5 The LAN Property
Fix § € © and H € (0,1/2). Throughout this section, Assumptions 1 and 2 are in force and
filx) = (Op,0)(x,0),  E{fi(X)} =0, i=1,...,m.

Thus f; € Fy. Constants may depend on the fixed 6, H, 0 and the functions f;, but not on 7. The initial
value z is deterministic and independent of the parameter. We follow the likelihood reduction of Chiba
[2018, Sections 4-5] and the variance decomposition of Chiba and Takabatake [2024, Proposition 6.1
and Section 6.6]. The latter uses Gaussianity of the fOU process. Here the additional fourth-cumulant
contribution is controlled using Theorem 4.

Likelihood expansion. On C([0,T7]), write m; for the coordinate process and set

t
B! =57t (ﬂ't -z —/ a(ms, 6) ds) .
0

Under p, this is a standard fBM. Let W7 be its innovation Brownian motion in the completed natural
filtration on [0, 7], obtained by the inverse Volterra transform. This Brownian motion is distinct from

the isonormal notation used in Sections 3—4. Put cy = a*lc{; and define, for a fixed observed path,
t
B (9) = cHtHfl/Q/ (t — ) H=1/2612=H o 9)ds, (41)
0
t
q:(0) = (0s3:)(0) = CH/ (t =)~ V2(s/t) 2~ (Dga) (7, 0) ds. (42)
0

Here ¢;(6) is a column vector; the derivative is taken with 7 fixed, not through the solution X%2.

The likelihood formula to use is

bg%@,u/{@ B »dwﬂ—f/’wt 5,(0))? dt. (43)

See Chiba [2018, Theorem 2.8(1), Definition 2.6]; its likelihood statement covers 0 < H < 1/2.
For fixed u € R™, let 0 = 60 + T‘l/Qu; then 6 € U for all sufficiently large T'. Define

T T
A =171/2 / q.(0) dW?, Ir(0) =771 / q:(0)q:(0)* dt, (44)
0 0

RY (u) = Bi(07) — Bi(0) — T~ ?u*q,(0). (45)

Proposition 32 (Conditional LAN reduction). Suppose that (43) holds, that q(0) is progressively mea-

surable and square integrable on each finite interval, and that
A
Ir(0) — I(0) in probability, — TE*o / |R] (w)|? dt — 0 (46)
0

or each fixed u. en the expansion o, eorem olds with o =171 m, N the posttive-
f h fized Th he LAN ) f Th 6 holds with o7 (0 T-2E,,, in th 17

semidefinite convention of Section 2.
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Proof. Substitution in (43) gives

log Zg(u) = u*Ag — %U*I(g)u + rg,u, (47)

T
Tg:u = —%u*{IT(G) —I(0)}u —|—/ RtT(u) de
_ p—1/2 Tu*t T di — L g T2 di.
102 [Cwq R a3 [ IR ar (15)

The bracket of the score martingale is Ir(#). The continuous-martingale central limit theorem (see
Chiba, 2018, Theorem 5.1) and Cramér-Wold give AL = N, (0,1(#)). For a direction with limiting
variance zero, the scalar martingale converges to zero in probability by its bracket. It6’s isometry and

T T 1/2
T*1/2/0 w*q(0)RT (w) dt| < {u*Ip(0)u}!/? (/0 |RtT(u)|2dt>

show that rg:u — 0 in probability. O

Lemma 33 (Taylor residual). For each fized u and all sufficiently large T,
T T T
Ere |RT (u)]? < C, T2 72H e / |R] (v)|? dt < C,T2" — 0. (49)
0

Proof. By (A2), the Taylor residual of a(z,0 + T~'/2u) is bounded by C,T~*(1 + |2|?). The fixed-

parameter moment bounds of X 0.z and Minkowski’s inequality imply
t
||RtT(U)HL2(H9T) < CuT_ltH_l/z/ (t—s)"H-12612-H gg — 0, T"*'B(1/2 — H,3/2 — H)t'/>~ 1
0

Square and integrate. Only moments at the fixed true parameter are used. O

Law of large numbers for the quadratic term. In the following calculations, X% and X? are
coupled using the same two-sided fBM; expectations are under P on this space. Pulling back coordinate
functionals through X%2 gives their law under pul’. Write Fj(t) = f;(X!) and set

Yi(t) = /Ot r~ B2 E (6 — 7)) dr, (50)
Ei(t) = /Ot rr V2L — )Y E _1VFy(t — 1) dr (51)

The stationary version g;(t) of (42) satisfies q;(t) = cg{Yi(t) + E;(¢)}.
Lemma 34 (Second-order reduction). For TT,ij =4 T 1 fOT Yi(t)Y;(¢) dt,
It (0)(X%) = Iri; — 0 in LY(P),  Elr; — I;(6). (52)
Proof. First note that
[E{E(s)F5 (0} < Cplt =), p(v) = (L+ [ (53)

holds as a corollary of Lemma 25.
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The integrable majorant needed below is
/ / p A2 H=12 5 ) dv dr = 2B(1/2 — H, 2H)/ 2 p(2)dz < 0. (54)
o Jo 0

Indeed, on 7 > v, put 7 = v + z and then v = zw. Consequently sup, E|Y;(¢)|* < co. The multiplier in

braces in (51) is bounded by one in absolute value and tends to zero for fixed r as ¢ — oo. Dominated

convergence on (0,00)? and Cesaro averaging give
T
E|E;(t)]* — 0, T—l/ E|E;(t)|* dt — 0.
0

By (A1), (A3), and the coupling bound |X?® — X9| < e=%|x — X{|,

t V2 0<t <,
la(O)(X°%) — gu(t)l2 < C / (t— ) H 1205 4s < © =
0 t—H=2 0 > 1,

Thus the squared difference is integrable in ¢ € (0, 00). Cauchy—Schwarz proves the first assertion. For

the second, stationarity, dominated convergence using (54), and Cesaro averaging yield

lim Elr;; = CQH/ / P HA 2 2R B () Fy (<) } do dr = T;;(6).
o Jo

T—o0
For the last equality, shift both times by r + v and interchange r,v. O

For fixed 1, j, retain the notation
T
I =17 / (Y)Y, (1) — EYi(6)Y; (8)]} dt. (55)
0
Let Dr consist of 0 < t1,to <T,0<1r,u; <tg,0<ro,us < to, and write

(te — o) H712(tg — ug) =2,
1

d\ = dtl dtQ d’f‘l du1 dT2 dLLQ7 K =

2
=

Define
Cy1 = E[Fi(r1)Fi(ro)| E[Fj(u1) Fj(uz)],
Cy = E[F;(r1) Fj(u2)] E[F; (u1) Fi(r2)],
C3 = ka(Fi(r1), Fj(u1), Fi(ra), Fj(uz)).

The centred fourth-moment identity gives

3
Bl =310, 1 =77 KCudx (56)
=1 Dr

The individual terms need not be nonnegative. At fixed T', Fubini is justified by uniform fourth moments

and local integrability of r—H#~1/2. A proof of LAN is completed if we can verify Igf) = o(1).
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The terms with products of covariances. By (53), both covariance-product terms satisfy

W+ 1) < o TA(t to)? dts dt (57)
T T | = T2 1,02 2 1
o Jo
t1 to
A(ty,t2) = / / (t1 — s)"H12(ty —0)"H=12p(s — v) dv ds. (58)
o Jo

The second product has the same majorant after interchanging ro, us.

Lemma 35. We have
1 [T T
S / / Altr, )2 dtadty = of1). (59)
2 Jo Jo

Proof. Indeed, by symmetry it suffices to consider ¢; > t5. Put
1
d =1t —ta, r =1ty — s, y =t — v, a:H+§.

Since the integrand is nonnegative,

At < [ [ ety opd -ty dyde
0 0

Changing variables z = x — y and integrating along the lines z — y = z, we obtain

A(ty,t2) < /

R max(0,—z)

pld=2) [ gy dy de < Cu [ g 2) dz,
R

because -
/ (y+12) "y “dy = B(1 — a,2a — 1)|2|' 7> = Cp 2| .
0

Recall that p(z) = (1 + |2|)™? with 8 = 3/2 — H. Since 0 < 2H < 1 and 3 > 1, the last convolution is
uniformly bounded for 0 < d < 1. For d > 1, split R into

{lzl <d/2},  {ld—=z<d/2},  {lz] >d/2, |d—z[>d/2}.
On these three regions, respectively,

/ |2| 2" p(d — z) dz < Cd‘ﬁ/ 2| 2H dz < Cd~H-1/2,
|z|<d/2 2|<d/2

/ |2|2H p(d — 2) dz < Cd—*1 / plw)dw < Cd=2H,
|d—z|<d/2 R
while, on the last region, necessarily z < —d/2 or z > 3d/2, and hence

/ 4 |z|72Hp(d—z)dz§C’/ r 2 =B qr < Cd—H1/2,
\d|i|z>\>{i/2 d/2

Since H < 1/2, we have d—H-1/2 < g=2H fo5r 4 > 1. Consequently,

Aty t2) < Cr(1+ |ty — to) 2.
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It follows that

IN

I/T/TA(tt)thdt OH/T/T(1+|t to|) M dtydt
72 ), J, 1,02 2001 = s A 1~ t2 2011

Cyg [F
TO

IA

(1+d)"* dd = o(1),

which proves (59). O

Remark. Chiba and Takabatake [2024, Section 6.6] split the region ¢; > to into t; < 1, {1 — t2 < 1, and
t1 — to > 1; in the last region, split the s integral at ¢5. It can be shown that the contributions are
o(1) except in the s > to region. For the s > 3 region, to show an o(1) contribution, p(t) was required
to decay as (1 + [t])27 =2, which does not hold in the current setting. However this is just caused by a
rough estimate of an upper bound. For completeness, we give a sharp estimate of this region in Lemma
36 below.

Lemma 36 (The cross-region estimate). For T > 1,

2

T t1—1 11 ta
i / / / / (ty — 8) 712 (ty —0)TH72p(s —v) dvds | dtzdty < C(H) (60)
T2 1 0 to 0 T

Proof. Put d=1t; —t3 > 1, x =t; — s, and y = t5 — v. The inner integral is bounded by

d o d ,—H-1/2
/ a:_H_l/Q/ y_H_1/2(1—I—d—x—i-y)H_S/zdyda::B(1/2—H,1)/ ﬁdx
0 0 o I+a—x

< C(H)d =2 10g(1 4 d).

The last bound follows by splitting at 2 = d/2. Hence the left-hand side of (60) is at most

Cj(f) /IT(T —d)d " Jog?(1 + d) dd < @ /100 d~172H 10g?(1 4+ d)dd < C/(TH).
O
The terms with a joint fourth cumulant.
Lemma 37 (Integration of two fractional kernels). For 0 <r <u <T,
T
/ (t—r) 77120 — )" 0120t < B(1/2 — H,2H)(u — 1)~ 2H. (61)

Proof. Extend the integral to infinity and put ¢t — v = (u — r)v. The remaining integral is fooo(l +
v)"H=1/29=H=1/2 gy = B(1/2 — H,2H). Both parameters are positive for 0 < H < 1/2. O

Lemma 38. We have \Igio’)| =0(T™).

Proof. Relabel (r1,uy,72,us) as (r1,7r2,73,74). Theorem 4, Tonelli’s theorem for the nonnegative majo-

rant, and Lemma 37 yield

3

C

3 —_ _

|Ig’)‘ S ﬁ /[0 ol H p(?‘(kH) — T(k))"l"g — 7"1‘ 2H|7‘4 — 7’3| 2H dr. (62)
’ k=1

Equal-time hyperplanes have Lebesgue measure zero and may be omitted. On each of the 24 order

regions, put a = r(g) — (1), b = r3) —1(2), ¢ = r4) — r(3). Integration over the smallest time contributes
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at most T'. The three possible pair configurations have singular factors

configuration | typical example ‘ singular factor
q—2H .—2H

separated r1<To <1r3<Ty
interlaced | ry <73 <ro <71y | (a+b)"2H(b+c)2H
nested r<r3<ri<ry| (a+b+c)2Hp2H,

Each configuration occurs eight times in this symmetric majorant.

To conclude |I£_,‘?)| = O(T~1), we verify finiteness of

0172H672H7

/ p(a)p(b)p(c) { (a+b)2H(b+c¢)2H, dadbde (63)
(0,00)2
(a+b+c) 2Hp=2H

for each of the three displayed integrands. All the cases have the same upper bound

(/OOO p(a)a™H da> : /OOO p(b) db < oc.
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manuscript. The cycle went on until this paper was completed.

38



References

C. Amorino, E. Nualart, F. Panloup, and J. Sieber. Fast convergence rates for estimating the stationary
density in SDEs driven by a fractional Brownian motion with semi-contractive drift. The Annals of
Statistics, 2026. URL https://arxiv.org/abs/2408.15904. Forthcoming; preprint arXiv:2408.15904.

K. Chiba. LAN property for stochastic differential equations driven by fractional Brownian motion of
Hurst parameter H € (1/4,1/2). arXiv preprint arXiv:1804.04108v2, 2018. URL https://arxiv.
org/abs/1804.04108v2.

K. Chiba. An M-estimator for stochastic differential equations driven by fractional Brownian motion
with small Hurst parameter. Statistical Inference for Stochastic Processes, 23(2):319-353, 2020. doi:
10.1007/s11203-020-09214-4.

K. Chiba and T. Takabatake. Asymptotically efficient estimation of ergodic rough fractional Ornstein—
Uhlenbeck process under continuous observations. Statistical Inference for Stochastic Processes, 27
(1):103-122, 2024. doi: 10.1007/s11203-023-09300-3. URL https://arxiv.org/abs/2204.03271v2.

Proposition and section numbers cited here refer to arXiv:2204.03271v2.

R. Diestel. Graph Theory, volume 173 of Graduate Texts in Mathematics. Springer, Berlin, Heidelberg,
fifth edition, 2017. doi: 10.1007/978-3-662-53622-3.

M. J. Garrido-Atienza, P. E. Kloeden, and A. Neuenkirch. Discretization of stationary solutions of
stochastic systems driven by fractional Brownian motion. Applied Mathematics € Optimization, 60
(2):151-172, 2009. doi: 10.1007/s00245-008-9062-9.

M. Hairer. Ergodicity of stochastic differential equations driven by fractional Brownian motion. The
Annals of Probability, 33(2):703-758, 2005. doi: 10.1214/009117904000000892.

M. L. Kleptsyna and A. Le Breton. Statistical analysis of the fractional Ornstein—Uhlenbeck type process.
Statistical Inference for Stochastic Processes, 5(3):229-248, 2002. doi: 10.1023/A:1021220818545.

S. Kusuoka and D. W. Stroock. The partial Malliavin calculus and its application to non-linear filtering.
Stochastics, 12(2):83-142, 1984. doi: 10.1080/17442508408833296.

X.-M. Li and J. Sieber. Slow-fast systems with fractional environment and dynamics. The Annals of
Applied Probability, 32(5):3964-4003, 2022. doi: 10.1214/22-AAP1779.

X.-M. Li, F. Panloup, and J. Sieber. On the (non)stationary density of fractional-driven stochastic
differential equations. The Annals of Probability, 51(6):2056-2085, 2023. doi: 10.1214/23-A0P1638.

Y. Liu, E. Nualart, and S. Tindel. LAN property for stochastic differential equations with additive
fractional noise and continuous time observation. Stochastic Processes and their Applications, 129(8):
28802902, 2019. doi: 10.1016/j.spa.2018.08.008.

A. Neuenkirch and S. Tindel. A least square-type procedure for parameter estimation in stochastic
differential equations with additive fractional noise. Statistical Inference for Stochastic Processes, 17
(1):99-120, 2014. doi: 10.1007/s11203-013-9084-z.

I. Nourdin and G. Peccati. Cumulants on the wiener space. Journal of Functional Analysis, 258(11):
3775-3791, 2010. doi: 10.1016/j.jfa.2010.02.003.

I. Nourdin and G. Peccati. Normal Approximations with Malliavin Calculus: From Stein’s Method to Uni-
versality, volume 192 of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge,
2012. doi: 10.1017/CB0O9781139084659.

39


https://arxiv.org/abs/2408.15904
https://arxiv.org/abs/1804.04108v2
https://arxiv.org/abs/1804.04108v2
https://arxiv.org/abs/2204.03271v2

D. Nualart. The Malliavin Calculus and Related Topics. Probability and Its Applications. Springer,
Berlin, Heidelberg, second edition, 2006. doi: 10.1007/3-540-28329-3.

D. Nualart and M. Zakai. The partial Malliavin calculus. In J. Azéma, M. Yor, and P. A. Meyer,
editors, Séminaire de Probabilités XXIII, volume 1372 of Lecture Notes in Mathematics, pages 362—
381. Springer, Berlin, Heidelberg, 1989. doi: 10.1007/BFb0083986.

V. Pipiras and M. S. Taqqu. Integration questions related to fractional Brownian motion. Probability
Theory and Related Fields, 118(2):251-291, 2000. doi: 10.1007/s440-000-8016-7.

M. Reed and B. Simon. Methods of Modern Mathematical Physics: I. Functional Analysis. Academic
Press, New York, revised and enlarged edition, 1980.

S. G. Samko, A. A. Kilbas, and O. I. Marichev. Fractional Integrals and Derivatives: Theory and
Applications. Gordon and Breach Science Publishers, 1993.

40



	Introduction
	Main results
	Partial Malliavin calculus and the stationary solution
	Partial Malliavin calculus
	The stationary solution

	Cumulant Calculation
	A representation for the joint fourth cumulant
	Application to the stationary solution
	Bounds for Malliavin inner products

	The LAN Property

