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Abstract

Let (X̄t)t∈R be the stationary solution for an additive stochastic differential equation driven by
a fractional Brownian motion. We give an upper bound for a joint fourth cumulant of the form
κ4(f0(X̄0), f1(X̄t1), f2(X̄t2), f3(X̄t3)). Our tool is the partial Malliavin calculus for the stationary
solution for an SDE driven by fBM. As an application, we show that local asymptotic normality of a
likelihood ratio field for the drift parameter of a fractional SDE holds even in the case 0 < H ≤ 1/4.
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1 Introduction
Let (Bt)t∈R be a two-sided fractional Brownian motion with Hurst parameter H ∈ (0, 1/2). We suppress
H in the notation for notational simplicity. We consider a one-dimensional stochastic differential equation

Xθ,x
t = x+

∫ t

0

a(Xθ,x
s , θ)ds+ σBt, t ≥ 0, x ∈ R, θ ∈ Θ, σ 6= 0. (1)

Here Θ is an open subset of Rm. It is known that the equation (1) has a stationary solution (X̄θ
t )t∈R

satisfying

X̄θ
t = X̄θ

s +

∫ t

s

a(X̄θ
r , θ)dr + σ(Bt −Bs), s < t, θ ∈ Θ, σ 6= 0 (2)

under Assumption 1. Our stationary solution is based on a random dynamical system [Garrido-Atienza
et al., 2009] (see also Chiba [2018, 2020]).

Stochastic differential equations driven by additive fractional Brownian noise have been investigated
from several perspectives in probability and statistics, under various assumptions on the drift and the
Hurst parameter. On the statistical side, examples include drift parameter estimation [Kleptsyna and
Le Breton, 2002, Neuenkirch and Tindel, 2014, Chiba, 2020] and estimation of the stationary density
[Amorino et al., 2026]. On the probabilistic side, these systems have been studied in connection with
ergodicity [Hairer, 2005], numerical approximation of stationary solutions [Garrido-Atienza et al., 2009],
density regularity [Li et al., 2023], and averaging principles [Li and Sieber, 2022].

Among them, in view of likelihood analysis, Liu et al. [2019] and Chiba [2018] studied the local
asymptotic normality (LAN) of a likelihood ratio field for a drift parameter θ under continuous long-
time observation asymptotics when 1/2 < H < 1 and 1/4 < H < 1/2, respectively.

In the proof of the LAN property when 0 < H < 1/2, we need to bound a product-covariance of the
form

Cov{(∂θia)(X̄θ
r1)(∂θja)(X̄

θ
u1
), (∂θia)(X̄

θ
r2)(∂θja)(X̄

θ
u2
)}

with E{(∂θia)(X̄θ
0 )} = E{(∂θja)(X̄θ

0 )} = 0, which naturally reduces to a (probabilistic) problem of
bounding a joint fourth cumulant, say

κ4(f(X̄
θ
0 ), g(X̄

θ
u1−r1), f(X̄

θ
r2−r1), g(X̄

θ
u2−r1))

with E{f(X̄θ
0 )} = E{g(X̄θ

0 )} = 0. Chiba [2018, 2020] bound the product-covariance using Poincaré’s
inequality and this yields the restriction 1/4 < H < 1/2. On the other hand, Chiba and Takabatake
[2024] treat the same problem in the fOU case a(x, θ) = −θx (θ > 0), and thanks to Gaussianity
(Isserlis’ theorem), show the LAN property for all 0 < H < 1/2. This suggests that with a more precise
bound on a joint fourth cumulant we may show the LAN property for a general drift coefficient a(x, θ)
even when 0 < H ≤ 1/4. This is the original motivation for considering the joint fourth cumulant, and
the suggested extension is indeed possible.

This paper is organized as follows. In section 2, we summarize theorems to be proved and assumptions
which are assumed throughout the paper. Section 3 presents some auxiliary results on partial Malliavin
calculus and its applications to the stationary solution. We bound the joint fourth cumulant in Section
4. Finally, the bound for the cumulant is applied to the proof of the LAN property.

Remark. In view of statistical applications, we formulate the results with a parametrized model (1). If
we consider purely probabilistic situations, it suffices to just suppress θ in the notation.
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Notation. In this paper, an integral
∫
f(r)dr is sometimes written in the operator form

∫
dr f(r).

2 Main results
We impose the following assumptions on the drift coefficient a : R×Θ → R.

Assumption 1 (Assumptions for a cumulant bound).

(A1) Partial derivatives ∂xa(x, θ), ∂2xa(x, θ), ∂3xa(x, θ) exist, are continuous and bounded in x for each
θ ∈ Θ. Furthermore, x 7→ ∂xa(x, θ) is negative: there exist positive numbers α = α(θ) and
α′ = α′(θ) such that

−α′ ≤ ∂xa(·, θ) ≤ −α

for each θ.

In the case of a(x, θ) = a(x), we just drop θ’s in the assumption (A1).

Assumption 2 (Assumptions for the LAN Property). There exists a neighborhood U of θ such that
the following property holds.

(A2) A partial derivative (∂θa)(x, θ) exists and has polynomial growth: there exists a positive constant
C = C(U) and a non-negative integer p = p(U) such that

sup
θ′∈U

|(∂θa)(x, θ′)| ≤ C(1 + |x|p)

and
|(∂θa)(x, θ1)− (∂θa)(x, θ2)| ≤ C(1 + |x|p)|θ1 − θ2|

for all x ∈ R and θ1, θ2 ∈ U .

(A3) For each θ′ ∈ U , the partial derivatives ∂x∂θa(·, θ′), ∂2x∂θa(·, θ′) and ∂3x∂θa(·, θ′) exist, are contin-
uous and bounded in x.

Notation. Let H ∈ (0, 1/2) and let C∞
c (R) denote the space of smooth functions with compact support.

(1) Fractional integral I1/2−H
± . For φ ∈ C∞

c (R), we define a fractional integral of order 1/2−H by

(I
1/2−H
± φ)(x) =

1

Γ(1/2−H)

∫ ∞

0

t−H−1/2φ(x∓ t) dt (x ∈ R).

The operator I1/2−H
± can be extended to a bounded operator from L2(R) to L1/H(R) and the

extended operator is also denoted by I1/2−H
± . See Samko et al. [1993, Theorem 5.3].

(2) Fractional derivative D
1/2−H
± . Let ψ ∈ I

1/2−H
± (L2(R)). Its (Marchaud) fractional derivative of

order 1/2−H is

(D
1/2−H
± ψ)(x) = L2- lim

ϵ→0

1/2−H

Γ(H + 1/2)

∫ ∞

ϵ

ψ(x)− ψ(x∓ t)

t3/2−H
dt (x ∈ R).

By Samko et al. [1993, Theorem 6.1], we have D
1/2−H
− I

1/2−H
− f = f for f ∈ L2(R).

(3) Hilbert space H. Let H denote the space I1/2−H
− (L2(R)) with inner product

〈f, g〉H = eH〈D1/2−H
− f,D

1/2−H
− g〉L2(R)
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with eH = Γ(2H + 1) sin(πH). A fractional Brownian motion B defines an isonormal Gaussian
process over H (see Pipiras and Taqqu, 2000).

(4) Partial Malliavin derivative. Let W (i) be isonormal Gaussian processes over H on a complete
probability space (Ωi,Fi,Pi) for i = 1, . . . , n. We can assume Fi is the completion of the σ-algebra
generated by W (i). For (c1, . . . , cn) ∈ Rn with

∑
i |ci|2 = 1, we set

W c(h)(ω1, . . . , ωn) :=

n∑
i=1

ciW
(i)(h)(ωi) (ωi ∈ Ωi).

Then W c defines an isonormal Gaussian process on (
∏

i Ωi,⊗iFi,⊗iPi). For a functional of W c, we
denote by Ei the expectation with respect to Pi and by D(i) the Malliavin derivative with respect
to W (i).

Let us give the partial Malliavin derivatives of the stationary solution. They are useful tools to
investigate the joint fourth cumulant.

Theorem 3. Suppose that Assumption 1 is fulfilled. Then there exists a probability space (Ω,F ,P)
supporting independent two-sided fBMs B(1), . . . , B(n). For c ∈ Rn, |c| = 1, the process Bc =

∑n
i=1 ciB

(i)

is also a two-sided fBM on (Ω,F ,P).

(1) There is a unique stationary process Y c,θ = (Y c,θ
t )t∈R on (Ω,F ,P) satisfying

Y c,θ
t − Y c,θ

s =

∫ t

s

a(Y c,θ
r , θ) dr + σ(Bc

t −Bc
s) (3)

for all s < t, P-almost surely.

We set Jc,θ
t,s = exp

(∫ t

s
(∂xa)(Y

c,θ
r , θ)dr

)
1(−∞,t](s) for s, t ∈ R.

(2) For any t ∈ R, the random variable Y c,θ
t has partial Malliavin derivatives up to order three, and its

Malliavin derivatives are given by

D(i1)
s1 Y c,θ

t = σci1J
c,θ
t,s1 ,

D(i2)
s2 D(i1)

s1 Y c,θ
t =

∫ t

−∞
(∂2xa)(Y

c,θ
r , θ)Jc,θ

t,r (D
(i1)
s1 Y c,θ

r )(D(i2)
s2 Y c,θ

r ) dr,

and

D(i3)
s3 D(i2)

s2 D(i1)
s1 Y c,θ

t =

∫ t

−∞
Jc,θ
t,r

[
∂3xa(Y

c,θ
r , θ)(D(i1)

s1 Y c,θ
r )(D(i2)

s2 Y c,θ
r )(D(i3)

s3 Y c,θ
r )

+ ∂2xa(Y
c,θ
r , θ)

{
(D(i3)

s3 D(i1)
s1 Y c,θ

r )(D(i2)
s2 Y c,θ

r ) + (D(i3)
s3 D(i2)

s2 Y c,θ
r )(D(i1)

s1 Y c,θ
r )

+ (D(i1)
s1 D(i2)

s2 Y c,θ
r )(D(i3)

s3 Y c,θ
r )

}]
dr.

Furthermore, these partial Malliavin derivatives satisfy

E{|Y c,θ
t |p}+ E{‖D(i1)Y c,θ

t ‖pH}

+ E{‖D(i2)D(i1)Y c,θ
t ‖pH⊗2}+ E{‖D(i3)D(i2)D(i1)Y c,θ

t ‖pH⊗3} <∞.

for p ≥ 1 and i1, i2, i3 ∈ {1, . . . , n}.
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Remark. Let (C(R),B(C(R))) be the space of continuous functions on R with the σ-algebra asso-
ciated with compact open topology. Note that the law of Y c,θ and X̄θ coincide for any |c| = 1

on (C(R),B(C(R))). In particular we use Y c,θ instead of X̄θ for calculations involving expectation:
E{F (X̄θ)} = E{F (Y c,θ)} for a measurable function F : C(R) → R whenever the expectations are well
defined.

We introduce a class of test functions for a joint fourth cumulant.

Notation. We set

Fθ =

{
f ∈ C3(R)

∣∣∣∣∣ E{f(X̄θ
0 )} = 0,

3∑
i=0

|f (i)(x)| ≤ C(1 + |x|p) for some C, p > 0

}
.

Let t0 < t1 < t2 < t3 and fi : R → R (i = 0, . . . , 3) be measurable functions satisfying E{fi(X̄θ
0 )} = 0

and E|fi(X̄θ
0 )|4 <∞. Recall that the joint fourth cumulant κ4(f0(X̄θ

t0), f1(X̄
θ
t1), f2(X̄

θ
t2), f3(X̄

θ
t3)) is

κ4(f0(X̄
θ
t0), f1(X̄

θ
t1), f2(X̄

θ
t2), f3(X̄

θ
t3))

= E{f0(X̄θ
t0)f1(X̄

θ
t1)f2(X̄

θ
t2)f3(X̄

θ
t3)} − E{f0(X̄θ

t0)f1(X̄
θ
t1)}E{f2(X̄θ

t2)f3(X̄
θ
t3)}

− E{f0(X̄θ
t0)f2(X̄

θ
t2)}E{f1(X̄θ

t1)f3(X̄
θ
t3)} − E{f0(X̄θ

t0)f3(X̄
θ
t3)}E{f1(X̄θ

t1)f2(X̄
θ
t2)}.

Theorem 4. Assume that Assumption 1 is fulfilled. Let t0, t1, t2, t3 ∈ R be distinct and t(0) < t(1) <

t(2) < t(3) be the increasing rearrangement of t0, . . . , t3. For functions f0, f1, f2, f3 ∈ Fθ, there exists a
positive constant

C = C(f0, f1, f2, f3, a,H, σ, θ)

such that

|κ4(f0(X̄θ
t0), f1(X̄

θ
t1), f2(X̄

θ
t2), f3(X̄

θ
t3))| ≤ C

2∏
i=0

(1 + |t(i+1) − t(i)|)H−3/2.

Now we proceed to the LAN property for the model (1). We recall a definition of the LAN property
[Chiba, 2018, Definition 2.6]. We allow a positive semidefinite information matrix; nondegeneracy is not
asserted.

Notation. Let m be a positive integer. For a vector u ∈ Rm, we denote the transpose of u by u⋆. Let
µ ∈ Rm and Σ ∈ Rm×m be a positive semi-definite matrix. The m-dimensional normal distribution with
mean µ and variance Σ is denoted by N (µ,Σ).

Definition 5 (LAN property). Let (µT
θ )θ∈Θ be a family of probability measures that are mutually

absolutely continuous. For a nondegenerate m×m matrix φT (θ), we set

ZT
θ (u) =

dµT
θ+φT (θ)u

dµT
θ

.

A family (µT
θ )θ∈Θ is called locally asymptotically normal (LAN) at a point θ ∈ Θ if ZT

θ (u) can be
represented as

ZT
θ (u) = exp

(
u⋆∆T

θ − 1

2
u⋆I(θ)u+ rTθ,u

)
.

Here I(θ) is a positive semi-definite m ×m matrix, the random variable ∆T
θ converges in distribution

(with respect to µT
θ ) to Nm(0, I(θ)) as T → ∞, and rTθ,u satisfies

lim
T→∞

µT
θ {|rTθ,u| > ϵ} = 0
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for any ϵ > 0 and each fixed u ∈ Rm, with θ + φT (θ)u ∈ Θ for all sufficiently large T .

Notation. The m ×m identity matrix is denoted by Em and the Beta function by B(x, y). We set a
constant d̄H which appears in the Fisher information:

d̄H =
√
2HB(3/2−H, 1/2−H)B(1/2 +H, 1/2−H).

For the model (1), the LAN property is formulated as follows. Let C([0, T ]) be the space of continuous
functions on [0, T ]. We consider the sup-norm on C[0, T ] and the associated Borel σ-algebra is denoted
by B(C([0, T ])). Let µT

θ be the law of the solution (Xθ,x
t )t∈[0,T ] on C([0, T ]).

Theorem 6 (LAN property). Suppose that Assumptions 1 and 2 are fulfilled. Furthermore we assume
E{(∂θa)(X̄θ

0 , θ)} = 0. Then the family (µT
θ )θ∈Θ is LAN at a point θ ∈ Θ, with a normalizing matrix

φT (θ) = T−1/2Em

and the Fisher information matrix

I(θ) = σ−2d̄−2
H

∫ ∞

0

∫ ∞

0

r−H−1/2u−H−1/2E{(∂θa)(X̄θ
r , θ)(∂θa)(X̄

θ
u, θ)

⋆} du dr.

Remark. For a scalar parameter with E{(∂θa)(X̄θ
0 , θ)} 6= 0, the score has the order T 1−H and the

corresponding normalization is T−(1−H); see Chiba [2018, Theorem 2.8 and Section 5.1]. Here we restrict
our attention to the centered case E{(∂θa)(X̄θ

0 , θ)} = 0, which has an essential difficulty and the condition
1/4 < H < 1/2 was required in Chiba [2018].

3 Partial Malliavin calculus and the stationary solution

3.1 Partial Malliavin calculus

We introduce the partial Malliavin calculus in this section. The partial Malliavin calculus on product
spaces has appeared in more general forms in Kusuoka and Stroock [1984] and Nualart and Zakai [1989].
Since only a simple tensorized version is needed here, we give a self-contained formulation adapted to
our setting. In the following, all appearing σ-algebras are assumed to be completed.
Settings. Let W (i) be isonormal Gaussian processes associated with a Hilbert space Hi on a complete
probability space (Ωi,Fi,Pi) for i = 1, . . . , n. We can assume Fi is the σ-algebra generated by W (i). We
set (Ω,F ,P) = (

∏n
i=1 Ωi,⊗n

i=1Fi,⊗n
i=1Pi). An isonormal Gaussian process (ω1, . . . , ωn) 7→ W (i)(ωi) on

(Ω,F ,P) is also denoted by W (i). We set an isonormal Gaussian process W⊕ over K = ⊕n
j=1Hj by

W⊕

 n∑
j=1

hj

 =

n∑
j=1

W (j)(hj).

Note that the σ-algebra σ(W⊕) generated by W⊕ coincides with F = σ(W (1), . . . ,W (n)) generated by
W (1), . . . ,W (n). Indeed, if we take k = 0⊕ · · · ⊕ hi ⊕ · · · ⊕ 0 ∈ K, hi ∈ Hi, then W⊕(k) =W (i)(hi).

Let C∞
p (Rm) denote the space of smooth functions satisfying |∂αf(x)| ≤ Cα(1 + |x|)Nα for every

multi-index α. For a Hilbert space H and an isonormal Gaussian process W over H, we define S0(Ω;V )

to be a class of smooth random variables such that F ∈ S0(Ω;V ) has the form

F = f(W (h1), . . . ,W (hm))v

6



where f ∈ C∞
p (Rm), v ∈ V and hi ∈ H, i = 1. . . . ,m. We set S(Ω;V ) = span S0(Ω;V ). We define a

projection Pi : K → Hi,
∑n

j=1 hj 7→ hi.

Notation. For a Hilbert space H, the Lp-space of H-valued functions is denoted by Lp(Ω;H). Note that
Lp(Ω;H) consists of the strongly measurable H-valued functions F satisfying E{‖F‖pH} <∞. Similarly,
we denote the V -valued Malliavin-Sobolev space by Dr,p(Ω;V ). All tensor products of Hilbert spaces
are considered as completed. The algebraic tensor product of Hilbert spaces is denoted H1 ⊗alg H2 =

span{h1 ⊗ h2 | h1 ∈ H1, h2 ∈ H2}.

Partial Malliavin derivative. Let V be a separable Hilbert space. We can consider an ordinary
Malliavin derivative (with respect to W⊕) Dr : Dr,p(V ) → Lp(Ω;V ⊗Kr). Recall that for F ∈ S0(Ω;V )

DkF =

m∑
l1,...,lk=1

∂lk · · · ∂l1f(W⊕(h1), . . . ,W
⊕(hm))v ⊗ hl1 ⊗ · · · ⊗ hlk .

For a multiple index k = (kk, . . . ,k1), ki ∈ {1, . . . , n}, the partial Malliavin derivative DkF is defined
by

DkF = (IV ⊗ Pk1 ⊗ · · · ⊗ Pkk
)(DkF ).

Note that the k-th Malliavin derivative of F ∈ S0(Ω;V ) is defined by

DkF =

m∑
l1,...,lk=1

∂lk · · · ∂l1f(W⊕(h1), . . . ,W
⊕(hm))v ⊗ Pk1hl1 ⊗ · · · ⊗ Pkk

hlk .

We set

‖F‖k,p;V =
(
E{‖F‖pV }+ E{‖D(k1)F‖pV⊗Hk1

}+ · · ·+ E{‖D(kk) · · ·D(k1)F‖pV⊗Hk1
⊗···⊗Hkk

}
)1/p

.

for 1 ≤ p <∞ and k = (kk, . . . ,k1). The closure of S(Ω;V ) with respect to ‖ · ‖k,p;V is denoted by Dk,p.
Note that Dk,p denotes the ordinary Malliavin-Sobolev space.

We set ω−i = (ω1, . . . , ωi−1, ωi+1, . . . , ωn) and (Ω−i,P−i) = (
∏

j ̸=i Ωj ,⊗j ̸=iPj). We can identify

L2(Ω;V ) ' L2(Ω−i)⊗ L2(Ωi;V ) ' L2(Ω−i × Ωi;V )

(see Reed and Simon, 1980, Theorem II.10). Let Di be the Malliavin derivative on Ωi with respect
to W (i). An operator IL2(Ω−i)⊗̂Di denotes the closure of the operator defined on the algebraic tensor
product by

(IL2(Ω−i)⊗̂Di)(G−iGi) = G−iDiGi, G−i ∈ L2(Ω−i), Gi ∈ D1,2(Ωi;V ).

Proposition 7. The closed partial Malliavin derivative D(i) (corresponding to k = (i)) is identified with
IL2(Ω−i)⊗̂Di. Moreover, for F ∈ L2(Ω;V ),

F ∈ D(i),2(Ω;V ) ⇔ F (ω−i, ·) ∈ D1,2(Ωi;V ) for P−i-a.e. ω−i, and∫
Ω−i

‖Di(F (ω−i, ·))‖2L2(Ωi;V⊗Hi)
P−i(dω−i) <∞. (4)

Proof. We set K−i =
⊕

j ̸=i Hj and ι−i : K−i → K,

ι−i(h1, . . . , hi−1, hi+1, . . . , hn) = (h1, . . . , hi−1, 0, hi+1, . . . , hn).
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We define an isonormal Gaussian process W⊕,−i over K−i by W⊕,−i(h) =W⊕(ι−ih). Then the random
variables in L2(Ω−i) are approximated by S(Ω−i), and G−i ∈ S(Ω−i) is of the form

G−i = f(W⊕,−i(h1), . . . ,W
⊕,−i(hm)) = f(W⊕(ι−ih1), . . . ,W

⊕(ι−ihm)), h1, . . . , hm ∈ K−i.

This gives D(i)G−i = 0.
For a simple random variable of the form G = G−iGi, we have

D(i)G = (D(i)G−i)Gi +G−i(D
(i)Gi) = G−iDiGi = (IL2(Ω−i)⊗̂Di)G.

Since random variables of this type are dense in L2(Ω−i×Ωi;V ), we conclude D(i) = IL2(Ω−i)⊗̂Di. Note
that the right hand side is defined on L2(Ω−i) ⊗ D1,2(Ωi;V ) = L2(Ω−i;D1,2(Ωi;V )), which gives the
condition (4).

The following statement follows immediately from the above proposition.

Corollary 8. Let i ∈ {1, . . . , n} and F ∈ D1,2(Ω;V ). Then

F (ω−i, ·) ∈ D1,2(Ωi;V ), (D(i)F )(ω−i, ·) = Di(F (ω−i, ·)).

P−i-a.s.

Next we show D(i) and Ej commute if i 6= j. The expectation with respect to Pj is denoted Ej :

Ej{F} =

∫
Ωj

F (ω1, . . . , ωn)Pj(dωj).

Lemma 9. Let 1 ≤ p < ∞, m ≤ k and k = (km, . . . ,k1) with kl 6= j for all l = 1, . . . ,m. If
F ∈ Dk,p(Ω;V ), then Ej{F} ∈ Dk,p(Ω−j ;V ) and DkEj{F} = Ej{DkF}, P−j-a.s.

Proof. For F = f(W⊕(h1), . . . ,W
⊕(hd))v, h1, . . . , hd ∈ K, v ∈ V , write

Xl =
∑
q ̸=j

W (q)(Pqhl), Yl =W (j)(Pjhl), l = 1, . . . , d,

X = (X1, . . . , Xd), Y = (Y1, . . . , Yd), f̄(x) = Ej [f(x+ Y )], x ∈ Rd.

Polynomial growth of all derivatives gives

∂αf̄ = Ej [∂
αf(·+ Y )], f̄ ∈ C∞

p , EjF = f̄(X)v ∈ S(K;V )

for any multiple index α. Since kl 6= j, differentiation commutes with Ej for every element of k. Jensen’s
inequality gives ‖EjF‖k,p ≤ ‖F‖k,p. For Fm → F in Dk,p(Ω;V ), closedness therefore yields

DkEjF = lim
m
DkEjFm = lim

m
EjD

kFm = EjD
kF.

Partial divergence operator. For u ∈ L2(Ω;V ⊗Hi), define

u ∈ Dom δ(i) ⇐⇒ sup
F∈D1,2(V )
∥F∥L2(Ω)≤1

|E〈D(i)F, u〉V⊗Hi | <∞.
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The Riesz representation theorem defines a unique δ(i)u ∈ L2(Ω;V ) by

E〈F, δ(i)u〉V = E〈D(i)F, u〉V⊗Hi (F ∈ D1,2(V )), δ(i) = (D(i))∗.

Corollary 10. Let u ∈ Dom δ(i). We have u(ω−i, ·) ∈ Dom δi and

(δ(i)u)(ω−i, ·) = δi(u(ω−i, ·)) (5)

for P−i-a.s. ω−i, where δi is a divergence operator on Ωi with respect to W (i).

Proof. We have (D(i))∗ = (IL2(Ω−i)⊗̂Di)
∗ = IL2(Ω−i)⊗̂δi. Then

u ∈ Dom δ(i) ⇔ u ∈ L2(Ω−i; Dom δi) ⇔ u(ω−i, ·) ∈ Dom δi, P−i−a.s.,∫
Ω−i

‖δi(u(ω−i, ·))‖2L2(Ωi;V )P−i(dω−i) <∞.

The equation (5) holds for u = u−iui, u−i ∈ L2(Ω−i), ui ∈ Dom δi. The general case follows from an
approximation argument.

Partial chaos decomposition. We define the projection to the partial r-th Wiener chaos of the i-th
component by

J (i)
r (F ) = (IL2(Ω−i) ⊗ Jr)F = G−iJr(Gi), G−i ∈ L2(Ω−i), Gi ∈ L2(Ωi)

for F = G−iGi, where Jr is an ordinary projection to the rth chaos on Ωi. For a general F ∈ L2(Ω−i×Ωi),
we define J (i)

r by linearity and a limiting argument.

Lemma 11. We have
(J (i)

r F )(ω−i, ·) = Jr(F (ω−i, ·))

for P−i-a.s. ω−i ∈ Ω−i.

Proof. An ordinary approximation argument gives∫
Ω−i

P−i(dω−i)‖(J (i)
r F )(ω−i, ·)− Jr(F (ω−i, ·))‖2L2(Ωi)

= 0.

For a V -valued random variable F ∈ L2(Ω;V ), we have F =
∑∞

j=1〈F, ej〉V ej and define

(IV ⊗ J (i)
r )F =

∞∑
j=1

J (i)
r 〈F, ej〉V ej .

Partial Ornstein-Uhlenbeck semigroup. The Ornstein-Uhlenbeck semigroup is defined for F ∈
L2(Ω;V ) by

P
(i)
t F =

∞∑
k=0

e−kt(IV ⊗ J (i)
k )F, t ≥ 0.

Fix 1 ≤ i < q ≤ n. Let F ∈ L2(Ω;V ) be σ(W (1), . . . ,W (q−1))-measurable and let ψF : RH1 × · · · ×
RHq−1 → V be a measurable mapping with F = ψF (W

(1), . . . ,W (q−1)), P-a.s. Whenever there exists an
isometry Ui,q : Hi → Hq, we define

M (i)
q (t)F = ψF (W

(1), · · · , e−tW (i) +
√
1− e−2tW (q) ◦ Ui,q, . . . ,W

(q−1)).
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Remark. Later we will consider the case where H1 = . . . = Hn and hence the existence of U will not be
a problem.

The partial version of Mehler’s formula holds.

Lemma 12. Let F ∈ L2(Ω;V ) be measurable with respect to σ(W (1), . . . ,W (q−1)). We have

P
(i)
t F = Eq{M (i)

q (t)F} (6)

for i ∈ {1, . . . , q − 1}.

Proof. First note that, for P−i-a.s. ω−i ∈ Ω−i, the random variable ωi 7→ F (ω−i, ωi) is in L2(Ωi;V ).
Then the ordinary Mehler formula gives

(P
(i)
t F )(ω−i, ·) = Pt(F (ω−i, ·)) = EqψF (W

(1)(ω1), . . . , e
−tW (i) +

√
1− e−2tW (q) ◦ Ui,q, . . . ,W

(q−1)(ωq−1))

= Eq{(M (i)
q (t)F )(ω−i, ·)}.

This equality holds for P−i-a.s. ω−i, in the L2(Ωi) sense. This implies (6) in the L2(Ω) sense.

Partial Ornstein-Uhlenbeck operator. Note that J (i)
0 F = EiF and define

Dom L(i) =

{
F ∈ L2(Ω)

∣∣∣∣∣
∞∑
r=0

r2‖J (i)
r (F )‖2L2(Ω) <∞

}
, L(i)F = −

∑
r≥1

rJ (i)
r F.

Using the ordinary Ornstein-Uhlenbeck operator Li on Ωi, we can rewrite L(i) = IL2(Ω−i)⊗̂Li with the
domain L2(Ω−i; Dom Li).

Lemma 13. For F ∈ Dom L(i),
L(i)F = −δ(i)D(i)F.

Proof. This is because

L(i) = IL2(Ω−i)⊗̂Li = (IL2(Ω−i)⊗̂ − δiDi) = −(IL2(Ω−i)⊗̂δi)(IL2(Ω−i)⊗̂Di) = −δ(i)D(i).

For F ∈ L2(Ω;V ), the pseudo-inverse is

(L(i))−1F = −
∑
r≥1

1

r
J (i)
r F, L(i)(L(i))−1F = F − EiF.

Both assertions follow from orthogonality; in particular,∑
r≥1

r2‖J (i)
r (L(i))−1F‖22 = ‖F − EiF‖22.

The following are partial versions of well-known formulas. For the ordinary Malliavin operators and
Ornstein–Uhlenbeck semigroup, see Nualart [2006, Chapter 1] and Nourdin and Peccati [2012, Chapter
2].

Proposition 14. For F,G ∈ D(i),2(Ω;V ), we have

Ei{〈F − EiF,G− EiG〉V } = Ei

{〈
−D(i)(L(i))−1F,D(i)G

〉
V⊗Hi

}
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P-a.s.

Proof. Put u = −D(i)(L(i))−1F ∈ Dom δ(i). Since δ(i)u = F − EiF , conditional duality yields

Ei[〈F − EiF,G− EiG〉V ] = Ei[〈F − EiF,G〉V ]

= Ei[〈G, δ(i)u〉V ] = Ei〈D(i)G, u〉V⊗Hi .

Cauchy–Schwarz gives integrability of all products.

Proposition 15. Let 1 ≤ i < q ≤ n. Let Ui,q : Hi → Hq be the isometry used in M
(i)
q . We assume

F ∈ D(i),2(Ω;V ) is measurable with respect to σ(W (1), . . . ,W (q−1)). Then the following statements hold.

(1) We have M (i)
q (t)F ∈ D(i),2(Ω;V ) ∩ D(q),2(Ω;V ) and

D(i)M (i)
q (t)F = e−tM (i)

q (t)(D(i)F ), D(q)M (i)
q (t)F =

√
1− e−2t(IV ⊗ Ui,q)M

(i)
q (t)(D(i)F ).

(2) For j /∈ {i, q}, if also F ∈ D(j),2(Ω;V ),

D(j)(M (i)
q (t)F ) =M (i)

q (t)(D(j)F ).

(3) We have

−D(i)(L(i))−1F =

∫ ∞

0

dτ e−τEq{M (i)
q (τ)(D(i)F )} =

∫ ∞

0

dτ Eq{D(i)M (i)
q (τ)(F )}

P-a.s.

Proof. For F ∈ S(Ω;V ), (1) and (2) follow by the chain rule. Since M(i)
q (t) is an L2-isometry, smooth

approximation and closedness of the derivatives extend (1) to D(i),2(Ω;V ) and (2) to D(i),2(Ω;V ) ∩
D(j),2(Ω;V ). Since D(i) commutes with Eq,

D(i)P
(i)
t F = e−tP

(i)
t D(i)F.

For (3), set

QT = −
∫ T

0

(P
(i)
t F − EiF ) dt = −

∑
m≥1

1− e−mT

m
J (i)
m F −→ (L(i))−1F in L2(Ω;V ).

The integral belongs to D(i),2(Ω;V ), and

−D(i)QT =

∫ T

0

e−tP
(i)
t D(i)F dt,

∫ ∞

0

e−t‖P (i)
t D(i)F‖L2(Ω;V⊗Hi) dt ≤ ‖D(i)F‖L2(Ω;V⊗Hi).

Hence we have (3). All integrals converge in the indicated Bochner L2-spaces.

A transfer formula for Bc. In section 3.2, we investigate the Malliavin derivative of the stationary
solution X̄(B) of (2). However, in applications, we replace an fBM B with another fBM Bc =

∑
i ciB

(i)

and consider the Malliavin derivative of X̄(Bc) with respect to B(i). In order to verify this calculation,
we need a transfer theorem for a Malliavin derivative.

11



Let H′ be another Hilbert space and A : H′ → K be an isometric embedding. Let W ′ be isonormal
over H′ on a source space (Ω′,F ′,P′). The map A pulls W⊕ on K back to H′ and this isonormal Gaussian
process is denoted WA: WA(h′) =W⊕(Ah′). Let F ′ = f(W ′(h′1), . . . ,W

′(h′m))v, f ∈ C∞
p (Rm) and

FA = f(WA(h′1), . . . ,W
A(h′m))v = f(W⊕(Ah′1), . . . ,W

⊕(Ah′m))v.

The Malliavin derivative of FA with respect to W (i) is

D(i)FA =

m∑
l=1

(∂lf)(W
⊕(Ah′1), . . . ,W

⊕(Ah′m))v ⊗ PiAh
′
l = (IV ⊗ PiA)ψDF ′(WA).

Here ψDF ′(w) is an equivalence class (with respect to (P′)W
′ -a.s. identity) of functions whose representa-

tive is
∑m

l=1(∂lf)(w(h
′
1), . . . , w(h

′
m))v⊗h′l. Higher order derivatives can be calculated for k = (kk, . . . ,k1)

and

DkFA =

m∑
l1,...,lk=1

∂lk · · · ∂l1f(W⊕(Ah′1), . . . ,W
⊕(Ah′m))v ⊗ Pk1Ah

′
l1 ⊗ · · · ⊗ Pkk

Ah′lk

= (IV ⊗ Pk1A⊗ · · · ⊗ Pkk
A)ψDkF ′(WA). (7)

Here IV ⊗ Pk1A⊗ · · · ⊗ Pkk
A : V ⊗ (H′)⊗k → V ⊗Hk1 ⊗ · · · ⊗ Hkk

is

(IV ⊗ Pk1A⊗ · · · ⊗ Pkk
A)(v ⊗ h′1 ⊗ · · · ⊗ h′k) = v ⊗ Pk1Ah

′
1 ⊗ · · · ⊗ Pkk

Ah′k.

Assume that there are isometries Ui : H′ → Hi for each i = 1, . . . , n. For c = (c1, . . . , cn), |c|2 = 1,
we set Ac : H′ → K by Ach

′ = c1U1h
′ ⊕ . . .⊕ cnUnh

′. Then Ac is an isometric embedding. Indeed

‖Ach
′‖2K =

n∑
j=1

c2j‖Ujh
′‖2Hj

= ‖h′‖2H′

n∑
j=1

c2j = ‖h′‖2H′ .

In this case WAc(h) =
∑n

j=1 cjW
(j)(Ujh) and

DkFAc = ck1 . . . ckk
(IV ⊗ Uk1 ⊗ · · · ⊗ Ukk

)ψDkF ′(WAc). (8)

Furthermore, if H′ = H1 = · · · = Hn = H, then we can choose Ui = IdH and

DkFAc = ck1 . . . ckk
ψDkF ′(WAc). (9)

For F ′ = ψF ′(W ′) ∈ Dk,p(Ω′;V ), set FA = ψF ′(WA). The formulas (7), (8) and (9) extend by the
following approximation argument.

Indeed, let 1 ≤ p < ∞ and Fm ∈ S(Ω′;V ) converge to F ′ ∈ Dk,p(Ω′;V ). Since WA law
= W ′ and

‖PiA‖Hi ≤ 1,

‖FA
m − FA‖Lp(Ω;V ) = ‖Fm − F ′‖Lp(Ω′;V ) −→ 0,

‖Dk(FA
m − FA

q )‖Lp(Ω;V⊗Hk1
⊗···⊗Hkl

) ≤ ‖Dℓ(Fm − Fq)‖Lp(Ω′;V⊗(H′)⊗ℓ) −→ 0,

k = (kl, . . . ,k1), 1 ≤ ℓ ≤ k.

Closedness passes the cylindrical formulas to the limit. Taking A = Ac and PiAc = ciUi proves the
remaining assertions.

In this paper we use the last special case and hence summarize it as a proposition.
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Proposition 16. Let W be isonormal over H on (Ω0,F0,P0), with independent copies W (1), . . . ,W (n)

on (Ω,F ,P) = (Ωn
0 ,F⊗n

0 ,P⊗n
0 ). For c = (c1, . . . , cn), |c|2 = 1, an isometric embedding Ac : H →

K, Ac(h) = c1h ⊕ · · · ⊕ cnh pulls W⊕ over K back to H and defines an isonormal Gaussian process
W c =W⊕ ◦Ac =

∑n
j=1 cjW

(j) over H on (Ω,F ,P).
If F = ψF (W ) ∈ Dk,p(Ω0;V ) and DkF = ψDkF (W ), then for any k = (kk, . . . ,k1), we have

F c = ψF (W
c) ∈ Dk,p(Ω;V ) and

DkF c = ckk
· · · ck1(ψDkF ◦W c).

3.2 The stationary solution

We consider applying Malliavin calculus to the stationary solution X̄θ
t . This is essentially done in Chiba

[2018]. However we need the Malliavin differentiability up to order three in this paper. This is given in
this section.

The space of continuous functions ω with ω(0) = 0 is denoted by Ω0 = C0(R). We define F0 as
a completion of the σ-algebra that is induced by the topology of compact convergence. There exists a
probability measure P0 such that the canonical process Bt(ω) = ω(t) is a two-sided fractional Brownian
motion. For ω ∈ Ω0, we define a shift operator ϑs as (ϑsω)(t) = ω(t+ s)− ω(s). It is known that there
exists a measurable set Ωgood ⊂ Ω0 with P0(Ωgood) = 1 and ϑsΩgood = Ωgood such that if ω ∈ Ωgood then

|ω(t)| ≤ C(ω)(1 + |t|2) ∀t ∈ R

for some C(ω) > 0; see Chiba [2018, Section 3, p. 16].
We construct the stationary solution on Ωgood. We set

Xx,θ
t (ω) = x+

∫ t

0

a(Xx,θ
s (ω), θ)ds+ σBt(ω)

for all ω ∈ Ω0.

Proposition 17. For each ω ∈ Ωgood, there exists limn→∞Xx,θ
n (ϑ−nω) that is independent of x ∈ R.

Proof. First note that (t, x, ω) 7→ Xx,θ
t (ω) has the cocycle property: XXx,θ

s (ω),θ
· (ϑsω) = Xx,θ

·+s(ω) holds
for any s ∈ R and ω ∈ Ω0.

We have
Xx,θ

t (ω)−Xy,θ
t (ω) = x− y +

∫ t

0

(a(Xx,θ
s , θ)− a(Xy,θ

s , θ))ds

and the assumption (A1) and Gronwall’s inequality give

|Xx,θ
t (ω)−Xy,θ

t (ω)| ≤ e−αt|x− y|. (10)

On the other hand, the cocycle property gives Xx,θ
n+1(ϑ−(n+1)ω) = X

Xx,θ
1 (ϑ−(n+1)ω),θ

n (ϑ−nω). Hence com-
bining with (10) we have

|Xx,θ
n+1(ϑ−(n+1)ω)−Xx,θ

n (ϑ−nω)| ≤ e−αn|Xx,θ
1 (ϑ−(n+1)ω)− x|. (11)

Since

Xx,θ
1 (ϑ−(n+1)ω)− x =

∫ 1

0

dr

∫ 1

0

dϵ(∂xa)(ϵX
x,θ
r (ϑ−(n+1)ω) + (1− ϵ)x, θ)(Xx,θ

r (ϑ−(n+1)ω)− x)

+ a(x, θ) + σ(ω(−n)− ω(−n− 1)),
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again the assumption (A1) and Gronwall’s inequality give

|Xx,θ
1 (ϑ−(n+1)ω)− x| ≤ C(x, θ, ω, σ, α, α′)(1 + n2)

for each ω ∈ Ωgood. This implies (Xx,θ
n (ϑ−nω))n∈N is a Cauchy sequence. The inequality (10) also shows

the limit is independent of x.

We set X̄θ
0 (ω) = limn→∞Xx,θ

n (ϑ−nω) and X̄θ
t (ω) = X̄θ

0 (ϑtω).

Remark. Note that limT→∞Xx,θ
T (ϑ−Tω) = X̄0(ω) for each ω ∈ Ωgood. In fact, the cocycle property gives

Xx,θ
T (ϑ−Tω) = X

Xx,θ
T−⌊T⌋(ϑ−Tω),θ

⌊T⌋ (ϑ−⌊T⌋ω). Hence

|Xx,θ
T (ϑ−Tω)−Xx,θ

⌊T⌋(ϑ−⌊T⌋ω)| ≤ e−α⌊T⌋|Xx,θ
T−⌊T⌋(ϑ−Tω)− x|.

A calculation similar to that in Proposition 17 shows that |Xx,θ
T−⌊T⌋(ϑ−Tω)− x| is of polynomial growth

with respect to T .
This limit is also Lp(Ω) for any p ≥ 1. This is because supT>0E{|Xx,θ

T (ϑ−T )|q} < ∞ for any q ≥ 1

(see Chiba, 2018, Proposition 3.2).

Proposition 18. The process X̄θ
t is the unique stationary process satisfying

X̄θ
t − X̄θ

s =

∫ t

s

a(X̄r, θ) dr + σ(Bt −Bs) (12)

for any s < t, P-a.s.

Proof. A proof for the equation (12) is found in Chiba [2018, Proposition 3.5]. Let Ȳ θ be another
stationary solution satisfying (12). Since (X

Ȳ−T ,θ
T+t (ϑ−Tω))t∈[−T,0] and (Ȳ θ

t (ω))t∈[−T,0] solve the same
equation, X Ȳ−T (ω),θ

T (ϑ−Tω) = Ȳ θ
0 (ω). Hence

|Ȳ θ
0 (ω)−Xx,θ

T (ϑ−Tω)| ≤ e−αT |Ȳ θ
−T (ω)− x|.

By stationarity of Ȳ θ, we have limT→∞Xx,θ
T (ϑ−T ) = Ȳ θ

0 in probability. On the other hand we have
limT→∞Xx,θ

T (ϑ−T ) = X̄θ
0 , P-a.s. This implies X̄θ

0 = Ȳ θ
0 , P-a.s. and after taking a countable intersection

we have X̄θ = Ȳ θ, P-a.s.

Proposition 19. We set Jθ
t,s = exp

(∫ t

s
(∂xa)(X̄

θ
r , θ)dr

)
1(−∞,t](s) for s, t ∈ R.

(1) For any t ∈ R, the random variable X̄θ
t has Malliavin derivatives up to order three, and its Malliavin

derivatives are given by

Ds1X̄
θ
t = σJθ

t,s1 , (13)

Ds2Ds1X̄
θ
t =

∫ t

−∞
(∂2xa)(X̄

θ
r , θ)J

θ
t,r(Ds1X̄

θ
r )(Ds2X̄

θ
r ) dr, (14)

and

Ds3Ds2Ds1X̄
θ
t =

∫ t

−∞
Jθ
t,r

[
∂3xa(X̄

θ
r , θ)(Ds1X̄

θ
r )(Ds2X̄

θ
r )(Ds3X̄

θ
r )

+ ∂2xa(X̄
θ
r , θ)

{
(Ds3Ds1X̄

θ
r )(Ds2X̄

θ
r ) + (Ds3Ds2X̄

θ
r )(Ds1X̄

θ
r )

+ (Ds1Ds2X̄
θ
r )(Ds3X̄

θ
r )

}]
dr. (15)
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(2) Furthermore, these Malliavin derivatives satisfy the inequalities supt∈R ‖DX̄θ
t ‖H < C(σ,H, α),

supt∈R ‖D2X̄θ
t ‖H⊗2 < C(σ,H, α, ‖∂2xa‖∞), and supt∈R ‖D3X̄θ

t ‖H⊗3 < C(σ,H, α, ‖∂2xa‖∞, ‖∂3xa‖∞),
P-a.s. In particular X̄θ

t ∈ D3,p for all p ≥ 1.

Proof. In order to investigate the Malliavin differentiability of X̄θ
t , we set Zx,θ,T

t (ω) = Xx,θ
t+T (ϑ−Tω),

t ≥ −T . The process Zx,θ,T
t solves an SDE

Zx,θ,T
t = x+

∫ t

−T

a(Zx,θ,T
r , θ)dr + σ(Bt −B−T ), t ≥ −T. (16)

Let Jθ,T
t,s = exp

(∫ t

s
(∂xa)(Z

x,θ,T
r , θ)dr

)
1[−T,t](s). The Malliavin differentiability (up to order three)

of Zx,θ,T
t can be shown by an ordinary Picard approximation argument. Its explicit formulas up to order

three are given by

Ds1Z
x,θ,T
t = σJθ,T

t,s1 ,

Ds2Ds1Z
x,θ,T
t =

∫ t

−T

(∂2xa)(Z
x,θ,T
r , θ)Jθ,T

t,r (Ds1Z
x,θ,T
r )(Ds2Z

x,θ,T
r ) dr,

and

Ds3Ds2Ds1Z
x,θ,T
t =

∫ t

−T

Jθ,T
t,r

[
∂3xa(Z

x,θ,T
r , θ)(Ds1Z

x,θ,T
r )(Ds2Z

x,θ,T
r )(Ds3Z

x,θ,T
r )

+ ∂2xa(Z
x,θ,T
r , θ)

[
(Ds3Ds1Z

x,θ,T
r )(Ds2Z

x,θ,T
r ) + (Ds3Ds2Z

x,θ,T
r )(Ds1Z

x,θ,T
r )

+ (Ds1Ds2Z
x,θ,T
r )(Ds3Z

x,θ,T
r )

]]
dr.

These formulas are obtained by solving linear equations

DZx,θ,T
t =

∫ t

−T

(∂xa)(Z
x,θ,T
r , θ)DZx,θ,T

r dr + σ1[−T,t],

D2Zx,θ,T
t =

∫ t

−T

[
(∂xa)(Z

x,θ,T
r , θ)(D2Zx,θ,T

r ) + (∂2xa)(Z
x,θ,T
r , θ)(DZx,θ,T

r )⊗2
]
dr,

and

D3Zx,θ,T
t =

∫ t

−T

[
(∂xa)(Z

x,θ,T
r , θ)(D3Zx,θ,T

r ) + (∂3xa)(Z
x,θ,T
r , θ)(DZx,θ,T

r )⊗3

+ (∂2xa)(Z
x,θ,T
r , θ)3Sym3((D

2Zx,θ,T
r )⊗ (DZx,θ,T

r ))

]
dr.

Here Sym3 : H⊗3 → H⊙3 is a symmetrization operator

Sym3(h1 ⊗ h2 ⊗ h3) =
1

3!

∑
σ∈S3

hσ(1) ⊗ hσ(2) ⊗ hσ(3).

By Chiba [2018, Lemmas 3.7 and 3.10], we have supT>0 supt≥−T ‖DZx,θ,T
t ‖H ≤ C(σ,H, α, α′) =: C1,
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P-a.s. A bound for ‖D2Zx,θ,T
t ‖H⊗2 is

‖D2Zx,θ,T
t ‖H⊗2 ≤ ‖∂2xa‖∞

∫ t

−T

dr |Jθ,T
t,r |‖DZx,θ,T

r ‖2H

≤ ‖∂2xa‖∞C2
1

∫ t

−∞
dr e−α(t−r)

=
‖∂2xa‖∞C2

1

α

=: C2.

This bound is independent of t ≥ −T , T > 0 and ω ∈ Ω0. Hence supT>0 supt≥−T ‖D2Zx,θ,T
t ‖H⊗2 < ∞,

P-a.s. Similarly, a bound for ‖D3Zx,θ,T
t ‖H⊗3 is

‖D3Zx,θ,T
t ‖H⊗3 ≤

∫ t

−T

dr e−α(t−r)(‖∂3xa‖∞‖DZx,θ,T
r ‖3H + 3‖∂2xa‖∞‖D2Zx,θ,T

r ‖H⊗2‖DZx,θ,T
r ‖H)

≤ ‖∂3xa‖∞C3
1 + 3‖∂2xa‖∞C2C1

α

=: C3

and the right hand side is a constant independent of t ≥ −T , T > 0 and ω ∈ Ω0.
By formally taking the limit T → ∞, we expect that the right hand sides of (13), (14) and (15) are

candidates for DX̄θ
t , D

2X̄θ
t and D3X̄θ

t . They are denoted by G
(1)
t , G

(2)
t and G

(3)
t . Note that the same

calculation as above gives supt∈R ‖G(i)
t ‖H⊗i <∞, i = 1, 2, 3, P−a.s.

First we show DZx,θ,T
t → G

(1)
t in Lp(Ω;H). Note that since Zx,θ,T

t and X̄θ are driven by the same
noise, an ordinary Gronwall statement gives

|Zx,θ,T
r − X̄θ

r | ≤ e−α(r+T )|x− X̄θ
−T |.

Chiba [2018, Proposition 3.8] shows the Malliavin differentiability of X̄θ
t and

DZx,θ,T
t =

∫ t

−T

(∂xa)(Z
x,θ,T
r , θ)DZx,θ,T

r dr + σ1(−T,t], (17)

DX̄θ
t = DX̄θ

−T +

∫ t

−T

(∂xa)(X̄
θ
r , θ)DX̄

θ
r dr + σ1(−T,t] (18)

We set UT
t = DZx,θ,T

t −DX̄θ
t . Then

UT
t = −DX̄θ

−T +

∫ t

−T

(∂xa)(Z
x,θ,T
r , θ)UT

r dr +

∫ t

−T

((∂xa)(Z
x,θ,T
r , θ)− (∂xa)(X̄

θ
r , θ))DX̄rdr. (19)

Solving (19), we have

UT
t = −JT

t,−TDX̄
θ
−T +

∫ t

−T

JT
t,r((∂xa)(Z

x,θ,T
r , θ)− (∂xa)(X̄

θ
r , θ))DX̄rdr.
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The norm of UT
t becomes

‖UT
t ‖H ≤ e−α(t+T )‖DX̄θ

−T ‖H + ‖∂2xa‖∞
∫ t

−T

e−α(t−r)|Zx,θ,T
r − X̄θ

r |‖DX̄θ
r ‖Hdr

≤ C1e
−α(t+T ) + ‖∂2xa‖∞C1|x− X̄θ

−T |
∫ t

−T

e−α(t−r)e−α(r+T ) dr

= C1e
−α(t+T ) + ‖∂2xa‖∞C1|x− X̄θ

−T |e−α(t+T )(t+ T ).

By the stationarity of X̄θ, we conclude UT
t → 0 in Lp(Ω;H).

If we write D2Zx,θ,T
t =

∫ t

−∞Qx,θ,T
t,r dr and G

(2)
t =

∫ t

−∞Qθ
t,rdr, then ‖Qx,θ,T

t,r −Qθ
t,r‖Lp(Ω;H⊗2) → 0 as

T → ∞ thanks to ‖DZx,θ,T
t −G

(1)
t ‖Lp(Ω;H) → 0 (T → ∞). A uniform bound

sup
T>0

‖Qx,θ,T
t,r ‖H⊗2 + ‖Qθ

t,r‖H⊗2 ≤ ‖∂2xa‖∞C(σ,H, α)2e−α(t−r)

allows us to apply the dominated convergence theorem, yielding

‖D2Zx,θ,T
t −G

(2)
t ‖Lp(Ω;H⊗2) ≤

∫ t

−∞
‖Qx,θ,T

t,r −Qθ
t,r‖Lp(Ω;H⊗2)dr → 0

as T → ∞. The limit ‖D3Zx,θ,T
t −G

(3)
t ‖Lp(Ω;H⊗3) → 0 as T → ∞ is shown by an analogous argument.

We conclude that X̄θ
t ∈ D3,p and DjX̄θ

t = G
(j)
t , j = 1, 2, 3.

Proof of Theorem 3. Construction. We set (Ω,F ,P) = (Ωn
0 ,F⊗n

0 ,P⊗n
0 ) and B(i)(ω1, . . . , ωn) = ωi.

Then B(1), . . . , B(n) are independent fBMs on (Ω,F ,P). Let Φc : Ω → Ω0 be Φc(ω1, . . . , ωn) =∑n
j=1 cjωj . Then Bt ◦ Φc =

∑n
j=1 cjB

(j)
t is again a two-sided fBM. The process Y c,θ is defined by

Y c,θ = X̄θ ◦ Φc.
Stationarity and uniqueness. Since PΦc = P0 and X̄θ is stationary, the process Y c,θ is also stationary.
If Ỹ c,θ is another stationary process satisfying (3), then Y c,θ and Ỹ c,θ satisfy the same equation

Zc,θ
t = Zc,θ

−T +

∫ t

−T

a(Zc,θ
r , θ)dr + σ(Bt(Φc)−B−T (Φc)), (−T < t).

Hence |Y c,θ
t − Ỹ c,θ

t | ≤ e−α(t+T )|Y c,θ
−T − Ỹ c,θ

−T |. On the other hand,

sup
T>0

P
{
|Y c,θ

−T − Ỹ c,θ
−T | > R

}
≤ P

{
|Y c,θ

0 | > R/2
}
+ P

{
|Ỹ c,θ

0 | > R/2
}
→ 0 (R→ ∞)

and we have P
{
|Y c,θ

t − Ỹ c,θ
t | > ϵ

}
= 0 for any ϵ > 0. After taking a countable intersection of sets of full

P-measure, we can conclude Y c,θ = Ỹ c,θ.
Malliavin derivatives. The processes B,B(1), . . . , B(n) define isonormal Gaussian processes over H =

I
1/2−H
− (L2(R)). The composition B(h) ◦ Φc =

∑n
j=1 cjB

(j)(h) is also an isonormal Gaussian process
over H on (Ω,F ,P). This coincides with W c(h) = W⊕(Ach) in Proposition 16 (in this proof we denote
Bc = B⊕(Ach)). We take measurable representatives ψθ

t , ψ
θ
t,r (r = 1, 2, 3) with X̄θ

t = ψθ
t (B) and

DrX̄θ
t = ψθ

t,r(B). Then
ψθ
t (B

c) = ψθ
t ◦B ◦ Φc = X̄θ

t ◦ Φc = Y c,θ
t ,

P-a.s. Hence by Proposition 16, we have

DkY c,θ
t = ck1 · · · ckk

ψθ
t,k(B

c)
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for a multi-index k = (kk, . . . ,k1). By Proposition 19,

D(k1)Y c,θ
t = ck1ψ

θ
t,1(B ◦ Φc) = ck1σ exp

(∫ t

·
(∂xa)(X̄

θ
r ◦ Φc, θ)dr

)
1(−∞,t](·) = σck1J

c,θ
t,· .

The higher order derivatives are calculated in the same way.

4 Cumulant Calculation
We use standard graph-theoretic terminology for trees, forests, degrees, and leaves in Sections 4.2–4.3;
see Diestel [2017, Chapter 1].

4.1 A representation for the joint fourth cumulant

A joint fourth cumulant. For real random variables F0, . . . , F3 ∈ L4(Ω), put F̃v = Fv − EFv. Their
joint fourth cumulant is

κ4(F0, F1, F2, F3) = E{F̃0F̃1F̃2F̃3} − E{F̃0F̃1}E{F̃2F̃3}

− E{F̃0F̃2}E{F̃1F̃3} − E{F̃0F̃3}E{F̃1F̃2}. (20)

The Γ-operator. On the product Gaussian space of Section 3, define

AiU = −D(i)(L(i))−1U, Γi(U, V ) = 〈AiU,D
(i)V 〉Hi .

The partial integration-by-parts formula reads

Ei{(U − EiU)V } = Ei{Γi(U, V )}. (21)

For U, V ∈ D(i),2 this is an L1 identity in the other Gaussian components. When there is only one
Gaussian component, we write A = −DL−1 and Γ(U, V ) = 〈AU,DV 〉H.

Lemma 20 (Iterated Gamma identity). Suppose that F0, . . . , F3 ∈
⋂

1<p<∞ D3,p are centred functionals
of one isonormal Gaussian process. Write S3 for the six permutations (i, j, k) of (1, 2, 3). Then

κ4(F0, F1, F2, F3) =
∑

(i,j,k)∈S3

E{Γ(Γ(Γ(F0, Fi), Fj), Fk)}. (22)

Proof. Set Gi = Γ(F0, Fi), so that EGi = E(F0Fi). Integration by parts and the product rule give

κ4(F0, F1, F2, F3) =

3∑
i=1

E{(Gi − EGi)FjFk}, {j, k} = {1, 2, 3} \ {i}.

For each i the summand equals

E{Γ(Gi, Fj)Fk}+ E{Γ(Gi, Fk)Fj}.

Since Fj , Fk are centred, one more integration by parts gives (22).

Remark. Rewriting cumulants using an iterated gamma operator is, for example, seen in Nourdin and
Peccati [2010] where F1 = F2 = F3 = F4.
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An interpolation with independent noise. Let (Ω0,F0,P0) be an underlying probability space and
let W (0) be an isonormal Gaussian process. The independent isonormal processes W (q), q = 0, 1, 2, 3,
over H are defined on the product probability space (Ω,F ,P) = (Ω4

0,F4
0 ,P

⊗4
0 ) by

W (q) =W (0) ◦Πq, Πq(ω0, ω1, ω2, ω3) = ωq.

Every functional Fv of W (0) on Ω0 is identified with Fv = ψv(W
(0)) on Ω. We set µ = P ◦ (W (0))−1

and then ψv is determined µ-a.s. On such functionals, the ordinary Malliavin operators coincide with
their partial counterparts in the 0th coordinate: ψDF = ψD(0)F holds µ-a.s. In particular,

Γ(U, V ) = Γ0(U, V ) := 〈A0U,D
(0)V 〉H, A0 = −D(0)(L(0))−1,

and hence
E0{Γ(Γ(Γ(F0, Fi), Fj), Fk)} = E0{Γ0(Γ0(Γ0(F0, Fi), Fj), Fk)}.

For q = 1, 2, 3, put aq = e−τq , bq = (1− a2q)
1/2, and let Mq be the partial Mehler substitution

Mq(ψF (W
(0),W (1), . . . ,W (q−1))) = ψF (aqW

(0) + bqW
(q),W (1), . . . ,W (q−1))

for measurable ψF : (RH)q → R. By the partial Mehler formula, A0 in the qth gamma operator becomes

A0U =

∫ ∞

0

aqEq{MqD
(0)U} dτq.

For c = (c0, c1, c2, c3) ∈ R4, write W c =
∑3

r=0 crW
(r). Whenever cq = 0, the substitution Mq

transforms W c into WRqc, where

Rqc = aqc0e0 + bqc0eq +
∑
r ̸=0,q

crer.

In particular, Rq preserves the norm of such coefficient vectors.
For a permutation (i, j, k) of (1, 2, 3), the four noises occurring after the three successive Mehler

substitutions are therefore

c0 = R3R2R1e0, ci = R3R2e0, cj = R3e0, ck = e0,

that is,
c0 = (a1a2a3, b1, a1b2, a1a2b3),

ci = (a2a3, 0, b2, a2b3),

cj = (a3, 0, 0, b3),

ck = (1, 0, 0, 0).

For v ∈ {0, i, j, k} and 1 ≤ r ≤ 3, choose a measurable representative DrFv = ψDrFv (W ) and set

F [r],c
v := ψDrFv (W

c) ∈ H⊗r.

Contraction operator. Let h ⊗r g denote the r-th contraction of tensors (see Nourdin and Peccati,
2012, Appendix B, Section B.4).

19



Definition 21 (Contraction operators). Let T = (V,E) be a tree and set

V = {0, i, j, k}, E(T ) ⊂ {{v, w} : v, w ∈ V, v 6= w}, ET (v) = {e ∈ E(T ) : v ∈ e}, dT (v) = #ET (v).

Let Uv ∈ H⊗dT (v) be symmetric tensors. We define an iterated 1-contraction operator CT by the following
procedure. Choose a vertex v with dT (v) = 1 and let {v, w} ∈ E(T ). Then we set T ′ = T \ {v} and

U ′
x =

Uv ⊗1 Uw, x = w

Ux, x 6= w

and CT ((Ux)x∈V ) := CT ′((U ′
x)x∈V \{v}). Repeat this procedure until CT ((Ux)x∈V ) becomes a scalar.

Remark. The definition of CT is independent of the order of contraction. First we assume Uv = u
⊗dT (v)
v

with uv ∈ H. In this case CT ((Uv)v) =
∏

e={v,w}∈E(T )〈uv, uw〉 and this is independent of the order of
contraction. By multilinearity, the same holds for finite linear combinations of such symmetric tensors.

Since 1-contraction satisfies ‖g ⊗1 h‖H⊗(q+r−2) ≤ ‖g‖H⊗q‖h‖H⊗r , we have

|CT ((Uv)v∈V )| ≤
∏
v∈V

‖Uv‖H⊗dT (v) . (23)

Let C(1)
T ((Uv)v∈V ) and C(2)

T ((Uv)v∈V ) be two scalars obtained using two different orders of contraction.
Let Uv ∈ H⊙dT (v) be a symmetric tensor. By the polarization identity and density, we can choose a
sequence (U (n)

v )n∈N ⊂ H⊗dT (v) of finite linear combinations of tensors u⊗dT (v) with ‖Uv−U (n)
v ‖H⊗dT (v) →

0 as n→ ∞ for v = 0, i, j, k. Then

C(1)
T ((Uv)v∈V ) = lim

n→∞
C(1)
T ((U (n)

v )v∈V ) = lim
n→∞

C(2)
T ((U (n)

v )v∈V ) = C(2)
T ((Uv)v∈V )

by (23).

For c = (c0, ci, cj , ck), use the evaluation

JT Kc := CT (F ; c) := CT
(
F

[dT (0)],c0
0 , F

[dT (i)],ci
i , F

[dT (j)],cj
j , F

[dT (k)],ck
k

)
. (24)

The iterated gamma identity (22) is evaluated using the weighted contraction of some trees.

Proposition 22 (Six-term Mehler representation). Under the assumptions of Lemma 20,

E{Γ(Γ(Γ(F0, Fi), Fj), Fk)} =

∫
(0,∞)3

a1a2a3

6∑
ℓ=1

wℓ E{JTℓKc} dτ1dτ2dτ3, (25)

where the expectation is over all four Gaussian components and the trees and weights are as follows. An
entry uv denotes the edge {u, v}.
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ℓ Tℓ E(Tℓ) wℓ

1
0

i j k

{0i, 0j, 0k} a21a2

2 j 0 i k {0i, 0j, ik} a1a2

3 i 0 j k {0i, 0j, jk} a1

4 k 0 i j {0i, ij, 0k} a1a2

5
i

0 j k

{0i, ij, ik} a2

6 0 i j k {0i, ij, jk} 1

All integrals are absolutely convergent.

Remark. Intuitively, we begin with the graph 0 i which corresponds to Γ(F0, Fi). The product

rule for the inner product gives a1

0 i

∗
and

0 i

∗
which correspond to 〈D(−DL−1)F0, DFi〉 and

〈−DL−1F0, D
2Fi〉 respectively. Operating M2 and taking inner product with DFj gives the graphs

a1 j 0 i and 0 i j . After doing once more derivative, applying the product rule, operating M3 and
taking the inner product, we have six graphs of the table below.

Parent graph Free derivative slot Weight After M3 and DFk

j 0 i

j 0 i

∗

a1(a1a2)

0

i j k

j 0 i

j 0 i

∗

a1a2 j 0 i k

j 0 i

j 0 i

∗

a1 · 1 i 0 j k

0 i j
0 i j

∗

1 · a1a2 k 0 i j

0 i j
0 i j

∗

1 · a2
i

0 j k

0 i j
0 i j

∗

1 · 1 0 i j k

Proof. Absolute convergence of the integrals. By (23),

E| JTℓKc | ≤ E
∏
v∈V

‖F [dT (v)],cv
v ‖H⊗dT (v) ≤

∏
v∈V

(E‖DdT (v)Fv‖4H⊗dT (v))
1/4.

Since F0, . . . , F3 ∈
⋂

1<p<∞ D3,p, the right hand side is finite. Note that 0 ≤ wl ≤ 1 for l = 1, . . . , 6 and∫
(0,∞)3

a1a2a3dτ1dτ2dτ3 = 1.
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Derivation of the formula. First D(0)Fi = F
[1],e0
i and the transfer formula gives

D(0)F
[r],R2R1e0
0 = a1a2F

[r+1],R2R1e0
0 , D(0)F

[r],R2e0
i = a2F

[r+1],R2e0
i , D(0)F

[r],e0
j = F

[r+1],e0
j

for r = 1, 2.
The first gamma operation becomes

Γ0(F0, Fi) =

∫ ∞

0

dτ1a1E1〈M1(D
(0)F0), D

(0)Fi〉H,

M1(D
(0)F0) =M1(ψD(0)F0

(W (0))) = ψDF0(a1W
(0) + b1W

(1)) = F
[1],R1e0
0 ,

(these equations are in the sense of µ-a.s. equivalence classes). Hence

Γ0(F0, Fi) =

∫ ∞

0

dτ1a1E1〈F [1],R1e0
0 , F

[1],e0
i 〉H.

For the second gamma operation, we need to calculate

A0Γ(F0, Fi) =

∫ ∞

0

dτ2a2E2{M2D
(0)Γ0(F0, Fi)},

D(0)Γ0(F0, Fi) =

∫ ∞

0

dτ1a1E1{〈D(0)F
[1],R1e0
0 , F

[1],e0
i 〉H + 〈F [1],R1e0

0 , D(0)F
[1],e0
i 〉H},

M2〈D(0)F
[1],R1e0
0 , F

[1],e0
i 〉H = a1〈ψD2F0

(WR2R1e0), ψDFi(W
R2e0)〉H = a1〈F [2],R2R1e0

0 , F
[1],R2e0
i 〉H,

M2〈F [1],R1e0
0 , D(0)F

[1],e0
i 〉H = 〈ψDF0(W

R2R1e0), ψD2Fi
(WR2e0)〉H = 〈F [1],R2R1e0

0 , F
[2],R2e0
i 〉H,

Hence

A0Γ0(F0, Fi) =

∫
(0,∞)2

dτ1dτ2a1a2E1{E2{a1F [2],R2R1e0
0 ⊗1 F

[1],R2e0
i + F

[1],R2R1e0
0 ⊗1 F

[2],R2e0
i }},

Γ(Γ0(F0, Fi), Fj) =

∫
(0,∞)2

dτ1dτ2a1a2E1{E2{a1(F [2],R2R1e0
0 ⊗1 F

[1],R2e0
i )⊗1 F

[1],e0
j

+ (F
[1],R2R1e0
0 ⊗1 F

[2],R2e0
i )⊗1 F

[1],e0
j }}.

Now we write out the third gamma operation:

D(0)Γ0(Γ0(F0, Fi), Fj)

=

∫
(0,∞)2

a1a2E1E2

{
a21a2 (F

[3],R2R1e0
0 ⊗1 F

[1],R2e0
i )⊗1 F

[1],e0
j + a1a2 F

[2],R2e0
i ⊗1 (F

[2],R2R1e0
0 ⊗1 F

[1],e0
j )

+ a1 F
[2],e0
j ⊗1 (F

[2],R2R1e0
0 ⊗1 F

[1],R2e0
i ) + a1a2 F

[2],R2R1e0
0 ⊗1 (F

[2],R2e0
i ⊗1 F

[1],e0
j )

+ a2 (F
[3],R2e0
i ⊗1 F

[1],R2R1e0
0 )⊗1 F

[1],e0
j + F

[2],e0
j ⊗1 (F

[2],R2e0
i ⊗1 F

[1],R2R1e0
0 )}

dτ1dτ2.

The third inverse-generator formula is

A0Γ0(Γ0(F0, Fi), Fj) =

∫ ∞

0

a3E3{M3D
(0)Γ0(Γ0(F0, Fi), Fj)} dτ3.

In each of the six terms just displayed, M3 acts by

M3F
[r],R2R1e0
0 = F

[r],R3R2R1e0
0 , M3F

[r],R2e0
i = F

[r],R3R2e0
i , M3F

[r],e0
j = F

[r],R3e0
j .
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Taking the inner product with D(0)Fk = F
[1],e0
k gives

Γ0(Γ0(Γ0(F0, Fi), Fj), Fk)

=

∫
(0,∞)3

a1a2a3E1E2E3

{
a21a2 〈F

[3],R3R2R1e0
0 , F

[1],R3R2e0
i ⊗ F

[1],R3e0
j ⊗ F

[1],e0
k 〉H⊗3

+ a1a2 〈F [2],R3R2e0
i ⊗1 (F

[2],R3R2R1e0
0 ⊗1 F

[1],R3e0
j ), F

[1],e0
k 〉H

+ a1 〈F [2],R3e0
j ⊗1 (F

[2],R3R2R1e0
0 ⊗1 F

[1],R3R2e0
i ), F

[1],e0
k 〉H

+ a1a2 〈F [2],R3R2R1e0
0 ⊗1 (F

[2],R3R2e0
i ⊗1 F

[1],R3e0
j ), F

[1],e0
k 〉H

+ a2 〈(F [3],R3R2e0
i ⊗1 F

[1],R3R2R1e0
0 )⊗1 F

[1],R3e0
j , F

[1],e0
k 〉H

+ 〈F [2],R3e0
j ⊗1 (F

[2],R3R2e0
i ⊗1 F

[1],R3R2R1e0
0 ), F

[1],e0
k 〉H

}
dτ1dτ2dτ3.

In the displayed order, the six scalar contractions are preciselyuwv 0

i j k

}�~
c

,
r

j 0 i k

z
c
,

r
i 0 j k

z
c
,

r
k 0 i j

z
c
,

uwv i

0 j k

}�~
c

,
r

0 i j k

z
c
.

Their coefficient vectors are c0 = R3R2R1e0, ci = R3R2e0, cj = R3e0, and ck = e0, as specified before
the proposition. The six weights are respectively a21a2, a1a2, a1, a1a2, a2, 1.

Taking E0 proves
E{Γ(Γ(Γ(F0, Fi), Fj), Fk)}

=

∫
(0,∞)3

a1a2a3

6∑
ℓ=1

wℓE{JTℓKc} dτ1dτ2dτ3,
which is (25).

4.2 Application to the stationary solution

An explicit formula for the stationary solution. Fix θ under Assumption 1. For fv ∈ Fθ,
Proposition 19 and stationary moments yield Fv = fv(X̄

θ
tv ) ∈

⋂
1<p<∞ D3,p. Suppress θ in Y, J, a and set

U c
t = ψDX̄θ

t
(W c) = σJc

t,·, V c
t = ψD2X̄θ

t
(W c), Zc

t = ψD3X̄θ
t
(W c).

Theorem 3 and the transfer formula give

V c
t =

∫ t

−∞
a′′(Y c

r )J
c
t,r(U

c
r )

⊗2 dr, (26)

Zc
t =

∫ t

−∞
Jc
t,r

[
a′′′(Y c

r )(U
c
r )

⊗3 + 3a′′(Y c
r )Sym3(V

c
r ⊗ U c

r )
]
dr. (27)

These Hilbert-tensor identities give

D(q)Y c
t = cqU

c
t , D(q2)D(q1)Y c

t = cq1cq2V
c
t .
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The chain rule is

F [1],c
v = f ′v(Y

c
tv )U

c
tv ,

F [2],c
v = f ′′v (Y

c
tv )(U

c
tv )

⊗2 + f ′v(Y
c
tv )V

c
tv ,

F [3],c
v = f ′′′v (Y c

tv )(U
c
tv )

⊗3 + 3f ′′v (Y
c
tv )Sym3(V

c
tv ⊗ U c

tv ) + f ′v(Y
c
tv )Z

c
tv . (28)

Only a′, a′′, a′′′ and f ′v, f
′′
v , f

′′′
v occur. For every finite p ≥ 1,

sup
t∈R, |c|=1

E

[(
3∑

r=1

|f (r)v (Y c
t )|

)p]
<∞. (29)

Decorated kernel trees. Let us consider an inner product 〈V c
t , U

d
s ⊗Ue

u〉H⊗2 for example. This becomes

〈V c
t , U

d
s ⊗ Ue

u〉H⊗2 =

∫ t

−∞
a′′(Y c

r )J
c
t,r〈U c

r , U
d
s 〉H〈U c

r , U
e
u〉H dr

and some time variables of the decaying kernel 〈U c
s , U

d
t 〉H are integrated over. In order to incorporate

this structure, we consider decorated kernel trees. The free vertices are called external and the integrated
ones internal. The solid edges represent 〈·, ·〉H (or K below) and dashed ones multiplication by J .

Definition 23 (Kernel diagrams). Set

Kc,d(s, t) := 〈U c
s , U

d
t 〉H =

r
s t

zker

c,d
. (30)

• Fix a tree T = (Vext, E(T )), where Vext = {0, i, j, k}. A kernel diagram G associated with T is
obtained by adjoining a finite set Vint of internal vertices.

• Each internal vertex x has a unique parent p(x) ∈ Vext ∪ Vint, so that the dashed edges Ed(G) =

{p(x) → x : x ∈ Vint} form a forest rooted at the external vertices.

• For z ∈ Vext tVint, let λ(z) ∈ Vext denote the root of its dashed component. In particular λ(v) = v

for v ∈ Vext. Thus every internal vertex inherits the noise attached to its external root.

• The solid edges Es(G) are in one-to-one correspondence with the edges of the original tree T :
for every e = {v, w} ∈ E(T ) there is exactly one solid edge {xe, ye} ∈ Es(G) satisfying λ(xe) =

v, λ(ye) = w. Thus the expansion does not create new contraction edges; it only moves their
endpoints along the dashed forests.

• Each internal vertex x carries a label mx ∈ {2, 3}, representing a(mx), and each external vertex v
carries a factor ϕv ∈ {1, f ′v, f ′′v , f ′′′v }.

• Set DG(t) =
{
(rx)x∈Vint : rx ≤ rp(x) for every x ∈ Vint

}
.

Then we define the evaluation of a kernel diagram G by

JGKkerc :=

∫
DG(t)

∏
v∈Vext

ϕv(Y
cv
tv )

∏
x∈Vint

a(mx)(Y
cλ(x)
rx )

×
∏

x∈Vint

J
cλ(x)
rp(x),rx

∏
{x,y}∈Es

Kcλ(x),cλ(y)
(rx, ry)

∏
x∈Vint

drx.
(31)

Here rv = tv for external vertices. Empty products are understood as one.
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Remark. Let us explain rules for replacement of vertices and edges. If dT (v) = 1, then

F [1],cv
v = f ′v(Y

cv
tv )U cv

tv .

Thus no internal vertex is introduced: the unique solid edge remains attached to v, and the external
decoration is ϕv = f ′v.

If dT (v) = 2, then
F [2],cv
v = f ′′v (Y

cv
tv )(U cv

tv )
⊗2 + f ′v(Y

cv
tv )V cv

tv .

The first term leaves both solid edges attached to v, with ϕv = f ′′v . For the second term, (26) gives

V cv
tv =

∫ tv

−∞
a′′(Y cv

r )Jcv
tv,r(U

cv
r )⊗2 dr.

Hence we introduce one internal vertex x, with parent p(x) = v and label mx = 2, and move both solid
edges from v to x. In this case ϕv = f ′v. For example,

〈V c
t , U

d
s ⊗ Ue

u〉H⊗2 =

uwwv
t

r; a′′

s u

}��~
ker

c,d,e

=

∫ t

−∞
a′′(Y c

r )J
c
t,rKc,d(r, s)Kc,e(r, u) dr.

(32)

If dT (v) = 3, the three terms in

F [3],cv
v = f ′′′v (Y cv

tv )(U cv
tv )

⊗3 + 3f ′′v (Y
cv
tv ) Sym3

(
V cv
tv ⊗ U cv

tv

)
+ f ′v(Y

cv
tv )Zcv

tv

give the following replacements. The f ′′′v -term introduces no internal vertex and leaves all three solid
edges attached to v. For the f ′′v -term, choose one edge e0 ∈ ET (v). The U -factor carrying e0 remains at
v, while the other two U -factors come from V cv

tv . Thus one internal vertex x with p(x) = v,mx = 2 is
introduced, and the other two solid edges are moved to x. The three choices of e0 are precisely the three
terms represented by 3 Sym3

(
V cv
tv ⊗ U cv

tv

)
. For example,

〈
3 Sym3(V

c
t ⊗ Ud

u),

3⊗
j=1

Uej
sj

〉
H⊗3

=
∑

(α,β,γ)∈A

r
u sα

zker

d,eα

uwwwv
t

r; a′′

sβ sγ

}���~
ker

c,eβ ,eγ

,

A = {(1, 2, 3), (2, 3, 1), (3, 1, 2)}.

Finally, expand Zcv
tv by (27). Its a′′′-term introduces one internal vertex x with p(x) = v,mx = 3,

and moves all three incident solid edges to x. For the a′′ Sym3(V ⊗ U)-term, choose again one incident
edge e0. Introduce two internal vertices arranged as v −→ x −→ y,mx = my = 2. The solid edge
labelled by e0, corresponding to the outer U -factor in Vr ⊗ Ur, is attached to x, while the other two
edges, corresponding to the two U -factors in Vr, are attached to y. Again the three choices of e0 account
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for the symmetrization multiplicity. For example,

〈
Zc
t ,

3⊗
l=1

Udl
sl

〉
H⊗3

=

uwwwv
t

r; a′′′

s1 s2 s3

}���~
ker

η

+
∑

(α,β,δ)∈A

uwwwwwv
t

r; a′′

q; a′′

sα

sβ sδ

}�����~

ker

η

,

A = {(1, 2, 3), (2, 3, 1), (3, 1, 2)}.

(33)

Here η = (c, d1, d2, d3) assigns noise c to the root t and noise dl to the leaf sl. The nested diagram on
the right evaluates to∫ t

−∞
dr

∫ r

−∞
dq a′′(Y c

r )a
′′(Y c

q )J
c
t,rJ

c
r,qKc,dα(r, sα)Kc,dβ

(q, sβ)Kc,dδ
(q, sδ).

Similarly, for the path u t s v with noises (e, c, d, f),

C u t s v (U
e
u, V

c
t , V

d
s , U

f
v ) =

uwwwv
t s

r; a′′ q; a′′

u v

}���~
ker

c,d,e,f

=

∫ t

−∞
dr

∫ s

−∞
dq a′′(Y c

r )a
′′(Y d

q )J
c
t,rJ

d
s,qKe,c(u, r)Kc,d(r, q)Kd,f (q, v)

(34)

and so on.

In this way each original edge of T produces exactly one solid edge of the resulting kernel diagram.
In particular, Es(G) −→ E(T ), {x, y} 7−→ {λ(x), λ(y)} is a bijection. The dashed edges are exactly those
introduced by the integral representations of V and Z.

Let E(T ) denote the resulting finite multiset of kernel diagrams. We keep a multiset, rather than a
set, because different choices of edge labels in the symmetrized terms may produce the same underlying
unlabelled diagram and must retain their multiplicities. With this convention, the preceding expansion
gives the following identity.

Lemma 24 (Kernel expansion of a tree contraction). For every tree T occurring in Proposition 22,

JT Kc =
∑

G∈E(T )

JGKkerc . (35)

Remark (Complete list of the diagrams in E(T )). Every tree in Proposition 22 is a star or a path. The
following lists retain the external labels and the labels of the original edges. Internal vertex names are
dummy integration variables; renaming them does not create another element.

Stars. Let T =

v

u1 u2 u3

. Each leaf ul has decoration ϕul
= f ′ul

. The eight elements of E(T ) are drawn

below, grouped by the decoration at the centre. The decoration in the left column belongs to every
diagram in that row; together with the leaf decorations it completes the data of each decorated kernel
tree.
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ϕv Elements of E(T )

f ′′′v

v

u1 u2 u3

f ′′v

vu1

r; a′′

u2 u3

vu2

r; a′′

u3 u1

vu3

r; a′′

u1 u2

f ′v

v

r; a′′′

u1 u2 u3

f ′v

v

r; a′′

q; a′′

u1

u2 u3

v

r; a′′

q; a′′

u2

u3 u1

v

r; a′′

q; a′′

u3

u1 u2

In every diagram, all internal vertices have root v and noise cv. The counts 1 + 3 + 1 + 3 = 8 come
respectively from the f ′′′v U

⊗3 term, the 3f ′′v Sym3(V ⊗ U) term, and the two terms in the expansion of
f ′vZ.
Paths. Let T = u v w z . The end vertices always have ϕu = f ′u and ϕz = f ′z. At each of v, w,
independently, either keep its two solid endpoints there, or move both to a new internal child. The
complete list is

Element of E(T ) ϕv ϕw

u v w z f ′′v f ′′w

u

v

r; a′′

w z f ′v f ′′w

z

w

r; a′′

v u f ′′v f ′w

v w

r; a′′ q; a′′

u z

f ′v f ′w

The third diagram is drawn in reversed horizontal order to show the expansion at w. Each open vertex
has label a′′ and inherits the noise of the external vertex above it: in the second diagram r has noise cv,
in the third r has noise cw, and in the fourth r, q have noises cv, cw, respectively. Thus there are 2 · 2 = 4

elements.
Consequently,

#E(T1) = #E(T5) = 8, #E(Tl) = 4 (l = 2, 3, 4, 6),

where cardinalities count multiplicity and Tl are the six trees in Proposition 22.

4.3 Bounds for Malliavin inner products

Put
γ = 1

2 −H ∈ (0, 12 ), β = 1 + γ = 3
2 −H, ρ(u) = (1 + |u|)−β .
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The following lemma is a slight generalization of Chiba [2018, Lemma 5.8, pp. 41–43].

Lemma 25 (A bound for one edge). For fixed unit vectors c, d and s, t ∈ R,

|〈U c
s , U

d
t 〉H| ≤ Cρ(t− s), (36)

|〈D(q)Y c
s , D

(q)Y d
t 〉H| ≤ C|cqdq|ρ(t− s), (37)

almost surely, where C depends only on H,σ, α, α′. For varying parameters these bounds hold almost
everywhere in their product with probability measure.

Proof. Fix unit vectors c, d and work on the probability-one event on which the paths Y c, Y d are con-
tinuous. As above, θ is fixed and suppressed. Define

qct (x) = Jc
t,x =

exp

(∫ t

x

a′(Y c
r ) dr

)
, x ≤ t,

0, x > t.

U c
t = σqct .

Thus the dependence on c is through the path Y c in the exponential. For x < t, assumption 1 therefore
gives

0 ≤ qct (x) ≤ e−α(t−x), |∂xqct (x)| ≤ α′e−α(t−x).

The constants in these deterministic bounds do not depend on c or on the path. The same statements
hold with d in place of c. Set v = t− x > 0. A formula for the Marchaud derivative gives

|Dγ
−q

c
t (x)| ≤ C

[
qct (x)v

−γ +

∫ v

0

|qct (x)− qct (x+ u)|u−1−γ du

]
(38)

(see Nualart [2006, Appendix A.5]). For 0 < v ≤ 1, the bracket is bounded by Cv−γ + C
∫ v

0
u−γ du ≤

Cv−γ . For v ≥ 1, splitting at v/2 yields

∫ v/2

0

|qct (x)− qct (x+ u)|u−1−γ du ≤ Ce−αv/2v1−γ ,∫ v

v/2

|qct (x)− qct (x+ u)|u−1−γ du ≤ C

∫ v

v/2

(e−αv + e−α(v−u))u−1−γ du

≤ C(e−αvv−γ + v−1−γ).

Consequently,

|Dγ
−q

c
t (x)| ≤ Ch(t− x)1{x<t}, h(v) =

v−γ , 0 < v ≤ 1,

v−1−γ , v > 1,
h ∈ L1 ∩ L2(0,∞).

Both h and C are independent of c and the path. Apply the bound to qcs and qdt . By the definition of
the inner product on H,

Kc,d(s, t) = 〈U c
s , U

d
t 〉H = σ2eH

∫
R
(Dγ

−q
c
s)(x)(D

γ
−q

d
t )(x) dx,

|Kc,d(s, t)| ≤ C

∫ s∧t

−∞
h(s− x)h(t− x) dx.
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For ∆ = t− s ≥ 0, substituting v = s− x gives

|Kc,d(s, t)| ≤ C

∫ ∞

0

h(v)h(v +∆) dv ≤ C

‖h‖22, 0 ≤ ∆ ≤ 1,

‖h‖1∆−1−γ , ∆ ≥ 1
≤ Cρ(∆).

The case t < s follows by symmetry. Finally,D(q)Y c
t = cqU

c
t , which gives (37).

The next elementary estimate allows us to integrate internal time variables without losing the decay
carried by the solid edges.

Lemma 26 (Exponential integration). For m ≥ 0, β > 0, s1, . . . , sm, t ∈ R,

∫ t

−∞
e−α(t−r)

m∏
l=1

(1 + |sl − r|)−β dr ≤ Cα,β,m

m∏
l=1

(1 + |sl − t|)−β . (39)

Proof. For u = t− r ≥ 0,

1 + |sl − t| ≤ (1 + u)(1 + |sl − t+ u|), Cα,β,m =

∫ ∞

0

e−αu(1 + u)mβ du <∞.

Substitute and multiply over l.

For example, the diagram (32) can be bounded as∣∣∣∣∣∣∣∣∣
uwwv

t

r; a′′

s u

}��~
ker

c,d,e

∣∣∣∣∣∣∣∣∣ ≤ C

∫ t

−∞
e−α(t−r)ρ(r − s)ρ(r − u) dr ≤ Cρ(t− s)ρ(t− u). (40)

(constants C are updated in the second inequality).
Thus integrating the internal vertex simply transfers the decay of the two solid edges from the internal

time r to its parent time t. We now formalize this operation.

Definition 27 (Deterministic majorants.). Let T = (V,E(T )) be a tree on finite external vertices.
Starting from a kernel diagram G ∈ E(T ), forget the labels mx, the external decorations ϕv, and the
noise coefficient vectors. We also allow diagrams obtained from such a graph by repeatedly removing
dashed leaves as described below.

Denote this enlarged family by E(T ). Every G ∈ E(T ) has the following properties:

• the dashed edges form a forest rooted at V ;

• every vertex z has a root λ(z) ∈ V ;

• the map Es(G) −→ E(T ), {x, y} 7−→ {λ(x), λ(y)} is a bijection.

For G ∈ E(T ), set rv = tv for v ∈ V and define

B(G) :=
∫
DG(t)

∏
p(x)→x∈Ed(G)

e−α(rp(x)−rx)
∏

{x,y}∈Es(G)

ρ(rx − ry)
∏

x∈Vint(G)

drx.

This is the deterministic majorant obtained from the kernel evaluation by replacing every propagation
factor J with its exponential bound and every solid kernel K with ρ. The estimate (40) is rewritten
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using B as ∣∣∣∣∣∣∣∣∣
uwwv

t

r; a′′

s u

}��~
ker

c,d,e

∣∣∣∣∣∣∣∣∣ ≤ CB
(

s t u
)
.

Lemma 28 (Pruning a dashed leaf). Let G ∈ E(T ), and let x ∈ Vint(G) have no dashed children. Put
m = #{e ∈ Es(G) : x ∈ e}. Remove x and the dashed edge p(x) → x, and move every solid edge attached
to x to its parent p(x). Denote the resulting graph by G/x. Then G/x ∈ E(T ) and B(G) ≤ Cα,β,mB(G/x).

Proof. Since x and p(x) belong to the same dashed component, λ(x) = λ(p(x)). Hence moving a solid
edge from x to p(x) does not change the corresponding edge of the original tree T . In particular, the
bijection Es(G) −→ E(T ), {y, z} 7−→ {λ(y), λ(z)}, is preserved, and therefore G/x ∈ E(T ).

Let y1, . . . , ym be the solid neighbors of x. Since x has no dashed children, after fixing all time
variables other than rx, the factors in B(G) which depend on rx are precisely

e−α(rp(x)−rx)
m∏
j=1

ρ(rx − ryj ), rx ≤ rp(x).

Lemma 26 therefore gives∫ rp(x)

−∞
e−α(rp(x)−rx)

m∏
j=1

ρ(rx − ryj ) drx ≤ Cα,β,m

m∏
j=1

ρ(rp(x) − ryj ).

The product on the right-hand side is exactly the contribution obtained by moving all solid edges attached
to x to p(x). The remaining factors are independent of rx, and hence (after changing the order of
integration) B(G) ≤ Cα,β,mB(G/x).

Every nonempty finite dashed forest has a vertex with no dashed children. Thus Lemma 28 can be
applied repeatedly until all internal vertices are removed.

Corollary 29 (Removal of all internal vertices). For every G ∈ E(T ),

B(G) ≤ C
∏

{v,w}∈E(T )

ρ(tv − tw),

where C is independent of the external times and the coefficient vectors.

Proof. Starting from G, repeatedly choose a dashed leaf and apply Lemma 28. Since the dashed forest
is finite, after finitely many steps all internal vertices are removed. The root labels of the endpoints of
every solid edge are preserved at each step, so the final graph is the original tree T . Consequently,

B(G) ≤ C B(T ) = C
∏

{v,w}∈E(T )

ρ(tv − tw).

Moreover, the local replacement rules of Section 4.2 show that every G ∈ E(T ) has at most two
internal vertices. Indeed, a tree on four vertices has degree sequence either (3, 1, 1, 1) or (2, 2, 1, 1). A
vertex of degree one introduces no internal vertex, a vertex of degree two introduces at most one, and
a vertex of degree three introduces at most two. Hence the number of applications of Lemma 28 is
uniformly bounded.
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Remark. For example, the diagrams in (33) satisfy∣∣∣∣∣∣∣∣∣∣∣∣

uwwwwwv
t

r; a′′

q; a′′

s1

s2 s3

}�����~

ker

c,d,e,f

∣∣∣∣∣∣∣∣∣∣∣∣
≤ C2B


t

r; a′′′

s1 s2 s3

 ≤ C3B

 t

s1 s2 s3

 = C4

∏
j=1,2,3

ρ(t− sj).

Another example is the diagram (34):∣∣∣∣∣∣∣∣∣

uwwwv
t s

r; a′′ q; a′′

u v

}���~
ker

c,d,e,f

∣∣∣∣∣∣∣∣∣ ≤ C2B

 u

t

r; a′′

s v

 ≤ C3B
(

u t s v
)

≤ C4ρ(u− t)ρ(t− s)ρ(s− v).

We now return to the random kernel evaluations.

Lemma 30 (Contractions attached to a tree). Let T be a tree on four vertices, let Fv = fv(X̄
θ
tv ), and

let cv be arbitrary unit coefficient vectors on the same finite product Gaussian space. Then

E [|JT Kc|] ≤ C
∏

{v,w}∈E(T )

ρ(tv − tw),

where C is independent of the times and the coefficient vectors.

Proof. By Lemma 24,JT Kc =
∑

G∈E(T )JGKkerc . Fix G ∈ E(T ), and denote by IG(r) the integrand definingJGKkerc . For every external vertex v, its decoration is of the form ϕv = f
(ℓv)
v , 1 ≤ ℓv ≤ 3. Set

AG :=
∏
v∈V

∣∣∣f (ℓv)v (Y cv
tv )
∣∣∣ .

By boundedness of a′′ and a′′′, Lemma 25 and 0 ≤ J
cλ(x)
rp(x),rx ≤ e−α(rp(x)−rx), we have almost surely∫

DG(t)

|IG(r)|
∏

x∈Vint

drx ≤ CAGB(G) ≤ CAG

∏
{v,w}∈E(T )

ρ(tv − tw).

Hölder’s inequality and (26) give

E[AG] ≤
∏
v∈V

∥∥∥f (ℓv)v (Y cv
tv )
∥∥∥
L4

≤ C,

uniformly in the external times and in the unit coefficient vectors. Hence

E
[∣∣JGKkerc

∣∣] ≤ C
∏

{v,w}∈E(T )

ρ(tv − tw).

Since E(T ) is a finite multiset whose multiplicities depend only on the local expansions of Section 4.2,
summing over G ∈ E(T ) proves the assertion.

It remains to pass from the decay associated with the edges of an arbitrary tree to the decay associated
with the three consecutive time gaps.
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Lemma 31 (From tree edges to consecutive gaps). Let t0, . . . , t3 be distinct, and let t(0) < t(1) < t(2) <

t(3) be their increasing rearrangement. For every tree T on {0, 1, 2, 3},

∏
{v,w}∈E(T )

ρ(tv − tw) ≤
2∏

ℓ=0

ρ
(
t(ℓ+1) − t(ℓ)

)
.

Proof. Let v0, v1, v2, v3 be the vertices ordered so that

tv0 = t(0) < tv1 = t(1) < tv2 = t(2) < tv3 = t(3),

and let P be the path consisting of the three adjacent edges {v0, v1}, {v1, v2}, {v2, v3}. If T = P , there
is nothing to prove. Otherwise, choose an edge

e = {vℓ, vℓ+1} ∈ E(P ) \ E(T ).

Adding e to T creates a unique cycle. This cycle contains an edge f = {vr, vs} ∈ E(T ) crossing the gap
(t(ℓ), t(ℓ+1)). Hence |tvr − tvs | ≥ t(ℓ+1) − t(ℓ). Since ρ is decreasing on [0,∞),

ρ(tvr − tvs) ≤ ρ
(
t(ℓ+1) − t(ℓ)

)
.

Replacing f by e therefore produces another tree T ′ such that∏
{v,w}∈E(T )

ρ(tv − tw) ≤
∏

{v,w}∈E(T ′)

ρ(tv − tw).

Moreover, T ′ contains one more edge of P than T . Repeating this operation finitely many times yields
P , and hence ∏

{v,w}∈E(T )

ρ(tv − tw) ≤
2∏

ℓ=0

ρ
(
t(ℓ+1) − t(ℓ)

)
holds.

Proof of Theorem 4. Set Fv = fv(X̄
θ
tv ). By stationarity and fv ∈ Fθ, E[Fv] = 0. Lemma 20 and Propo-

sition 22 give

κ4(F0, F1, F2, F3) =
∑

(i,j,k)∈S3

∫
(0,∞)3

a1a2a3

6∑
ℓ=1

wℓE [JTℓKc] dτ1dτ2dτ3.
By Lemma 30,

E [|JTℓKc|] ≤ C
∏

{v,w}∈E(Tℓ)

ρ(tv − tw).

Lemma 31 then yields

E [|JTℓKc|] ≤ C

2∏
r=0

ρ
(
t(r+1) − t(r)

)
.

Since 0 ≤ wℓ ≤ 1 and
∫
(0,∞)3

a1a2a3 dτ1dτ2dτ3 = 1, we obtain

|κ4(F0, F1, F2, F3)| ≤ C

2∏
r=0

ρ
(
t(r+1) − t(r)

)
.

Recalling that ρ(u) = (1 + |u|)H−3/2, the desired estimate follows.
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5 The LAN Property
Fix θ ∈ Θ and H ∈ (0, 1/2). Throughout this section, Assumptions 1 and 2 are in force and

fi(x) = (∂θia)(x, θ), E{fi(X̄θ
0 )} = 0, i = 1, . . . ,m.

Thus fi ∈ Fθ. Constants may depend on the fixed θ,H, σ and the functions fi, but not on T . The initial
value x is deterministic and independent of the parameter. We follow the likelihood reduction of Chiba
[2018, Sections 4–5] and the variance decomposition of Chiba and Takabatake [2024, Proposition 6.1
and Section 6.6]. The latter uses Gaussianity of the fOU process. Here the additional fourth-cumulant
contribution is controlled using Theorem 4.
Likelihood expansion. On C([0, T ]), write πt for the coordinate process and set

Bθ
t = σ−1

(
πt − x−

∫ t

0

a(πs, θ) ds

)
.

Under µT
θ , this is a standard fBM. Let W θ be its innovation Brownian motion in the completed natural

filtration on [0, T ], obtained by the inverse Volterra transform. This Brownian motion is distinct from
the isonormal notation used in Sections 3–4. Put cH = σ−1d̄−1

H and define, for a fixed observed path,

βt(ϑ) = cHt
H−1/2

∫ t

0

(t− s)−H−1/2s1/2−Ha(πs, ϑ) ds, (41)

qt(θ) = (∂θβt)(θ) = cH

∫ t

0

(t− s)−H−1/2(s/t)1/2−H(∂θa)(πs, θ) ds. (42)

Here qt(θ) is a column vector; the derivative is taken with π fixed, not through the solution Xθ,x.
The likelihood formula to use is

log
dµT

ϑ

dµT
θ

=

∫ T

0

{βt(ϑ)− βt(θ)} dW θ
t − 1

2

∫ T

0

{βt(ϑ)− βt(θ)}2 dt. (43)

See Chiba [2018, Theorem 2.8(1), Definition 2.6]; its likelihood statement covers 0 < H < 1/2.
For fixed u ∈ Rm, let θT = θ + T−1/2u; then θT ∈ U for all sufficiently large T . Define

∆T
θ = T−1/2

∫ T

0

qt(θ) dW
θ
t , IT (θ) = T−1

∫ T

0

qt(θ)qt(θ)
⋆ dt, (44)

RT
t (u) = βt(θT )− βt(θ)− T−1/2u⋆qt(θ). (45)

Proposition 32 (Conditional LAN reduction). Suppose that (43) holds, that q(θ) is progressively mea-
surable and square integrable on each finite interval, and that

IT (θ) −→ I(θ) in probability, EµT
θ

∫ T

0

|RT
t (u)|2 dt −→ 0 (46)

for each fixed u. Then the LAN expansion of Theorem 6 holds with φT (θ) = T−1/2Em, in the positive-
semidefinite convention of Section 2.
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Proof. Substitution in (43) gives

logZT
θ (u) = u⋆∆T

θ − 1
2u

⋆I(θ)u+ rTθ,u, (47)

rTθ,u = − 1
2u

⋆{IT (θ)− I(θ)}u+

∫ T

0

RT
t (u) dW

θ
t

− T−1/2

∫ T

0

u⋆qt(θ)R
T
t (u) dt− 1

2

∫ T

0

|RT
t (u)|2 dt. (48)

The bracket of the score martingale is IT (θ). The continuous-martingale central limit theorem (see
Chiba, 2018, Theorem 5.1) and Cramér–Wold give ∆T

θ ⇒ Nm(0, I(θ)). For a direction with limiting
variance zero, the scalar martingale converges to zero in probability by its bracket. Itô’s isometry and∣∣∣∣∣T−1/2

∫ T

0

u⋆qt(θ)R
T
t (u) dt

∣∣∣∣∣ ≤ {u⋆IT (θ)u}1/2
(∫ T

0

|RT
t (u)|2 dt

)1/2

show that rTθ,u → 0 in probability.

Lemma 33 (Taylor residual). For each fixed u and all sufficiently large T ,

EµT
θ |RT

t (u)|2 ≤ CuT
−2t1−2H , EµT

θ

∫ T

0

|RT
t (u)|2 dt ≤ CuT

−2H −→ 0. (49)

Proof. By (A2), the Taylor residual of a(z, θ + T−1/2u) is bounded by CuT
−1(1 + |z|p). The fixed-

parameter moment bounds of Xθ,x and Minkowski’s inequality imply

‖RT
t (u)‖L2(µT

θ ) ≤ CuT
−1tH−1/2

∫ t

0

(t− s)−H−1/2s1/2−H ds = CuT
−1B(1/2−H, 3/2−H)t1/2−H .

Square and integrate. Only moments at the fixed true parameter are used.

Law of large numbers for the quadratic term. In the following calculations, Xθ,x and X̄θ are
coupled using the same two-sided fBM; expectations are under P on this space. Pulling back coordinate
functionals through Xθ,x gives their law under µT

θ . Write Fi(t) = fi(X̄
θ
t ) and set

Yi(t) =

∫ t

0

r−H−1/2Fi(t− r) dr, (50)

Ei(t) =

∫ t

0

r−H−1/2{(1− r/t)1/2−H − 1}Fi(t− r) dr. (51)

The stationary version q̄i(t) of (42) satisfies q̄i(t) = cH{Yi(t) + Ei(t)}.

Lemma 34 (Second-order reduction). For ĨT,ij = c2HT
−1
∫ T

0
Yi(t)Yj(t) dt,

IT,ij(θ)(X
θ,x)− ĨT,ij −→ 0 in L1(P), EĨT,ij −→ Iij(θ). (52)

Proof. First note that

|E{Fi(s)Fj(t)}| ≤ Cρ(t− s), ρ(v) = (1 + |v|)H−3/2 (53)

holds as a corollary of Lemma 25.
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The integrable majorant needed below is∫ ∞

0

∫ ∞

0

r−H−1/2v−H−1/2ρ(r − v) dv dr = 2B(1/2−H, 2H)

∫ ∞

0

z−2Hρ(z) dz <∞. (54)

Indeed, on r > v, put r = v + z and then v = zw. Consequently supt E|Yi(t)|2 < ∞. The multiplier in
braces in (51) is bounded by one in absolute value and tends to zero for fixed r as t → ∞. Dominated
convergence on (0,∞)2 and Cesàro averaging give

E|Ei(t)|2 −→ 0, T−1

∫ T

0

E|Ei(t)|2 dt −→ 0.

By (A1), (A3), and the coupling bound |Xθ,x
s − X̄θ

s | ≤ e−αs|x− X̄θ
0 |,

‖qi(t)(Xθ,x)− q̄i(t)‖2 ≤ C

∫ t

0

(t− s)−H−1/2e−αs ds ≤ C

t1/2−H , 0 < t ≤ 1,

t−H−1/2, t > 1.

Thus the squared difference is integrable in t ∈ (0,∞). Cauchy–Schwarz proves the first assertion. For
the second, stationarity, dominated convergence using (54), and Cesàro averaging yield

lim
T→∞

EĨT,ij = c2H

∫ ∞

0

∫ ∞

0

r−H−1/2v−H−1/2E{Fi(−r)Fj(−v)} dv dr = Iij(θ).

For the last equality, shift both times by r + v and interchange r, v.

For fixed i, j, retain the notation

IT = T−1

∫ T

0

{Yi(t)Yj(t)− E[Yi(t)Yj(t)]} dt. (55)

Let DT consist of 0 < t1, t2 < T , 0 < r1, u1 < t1, 0 < r2, u2 < t2, and write

dλ = dt1 dt2 dr1 du1 dr2 du2, K =

2∏
ℓ=1

(tℓ − rℓ)
−H−1/2(tℓ − uℓ)

−H−1/2.

Define

C1 = E[Fi(r1)Fi(r2)]E[Fj(u1)Fj(u2)],

C2 = E[Fi(r1)Fj(u2)]E[Fj(u1)Fi(r2)],

C3 = κ4(Fi(r1), Fj(u1), Fi(r2), Fj(u2)).

The centred fourth-moment identity gives

E|IT |2 =

3∑
ℓ=1

I
(ℓ)
T , I

(ℓ)
T = T−2

∫
DT

KCℓ dλ. (56)

The individual terms need not be nonnegative. At fixed T , Fubini is justified by uniform fourth moments
and local integrability of r−H−1/2. A proof of LAN is completed if we can verify I

(ℓ)
T = o(1).
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The terms with products of covariances. By (53), both covariance-product terms satisfy

|I(1)T |+ |I(2)T | ≤ C

T 2

∫ T

0

∫ T

0

A(t1, t2)
2 dt2 dt1, (57)

A(t1, t2) =

∫ t1

0

∫ t2

0

(t1 − s)−H−1/2(t2 − v)−H−1/2ρ(s− v) dv ds. (58)

The second product has the same majorant after interchanging r2, u2.

Lemma 35. We have
1

T 2

∫ T

0

∫ T

0

A(t1, t2)
2 dt2dt1 = o(1). (59)

Proof. Indeed, by symmetry it suffices to consider t1 ≥ t2. Put

d = t1 − t2, x = t1 − s, y = t2 − v, a = H +
1

2
.

Since the integrand is nonnegative,

A(t1, t2) ≤
∫ ∞

0

∫ ∞

0

x−ay−aρ(d− x+ y) dy dx.

Changing variables z = x− y and integrating along the lines x− y = z, we obtain

A(t1, t2) ≤
∫
R
ρ(d− z)

∫ ∞

max(0,−z)

(y + z)−ay−ady dz ≤ CH

∫
R
|z|−2Hρ(d− z) dz,

because ∫ ∞

0

(y + |z|)−ay−a dy = B(1− a, 2a− 1)|z|1−2a = CH |z|−2H .

Recall that ρ(z) = (1 + |z|)−β with β = 3/2 −H. Since 0 < 2H < 1 and β > 1, the last convolution is
uniformly bounded for 0 ≤ d ≤ 1. For d ≥ 1, split R into

{|z| ≤ d/2}, {|d− z| ≤ d/2}, {|z| > d/2, |d− z| > d/2}.

On these three regions, respectively,∫
|z|≤d/2

|z|−2Hρ(d− z) dz ≤ Cd−β

∫
|z|≤d/2

|z|−2H dz ≤ Cd−H−1/2,∫
|d−z|≤d/2

|z|−2Hρ(d− z) dz ≤ Cd−2H

∫
R
ρ(w) dw ≤ Cd−2H ,

while, on the last region, necessarily z < −d/2 or z > 3d/2, and hence∫
|z|>d/2

|d−z|>d/2

|z|−2Hρ(d− z) dz ≤ C

∫ ∞

d/2

r−2H−β dr ≤ Cd−H−1/2.

Since H < 1/2, we have d−H−1/2 ≤ d−2H for d ≥ 1. Consequently,

A(t1, t2) ≤ CH(1 + |t1 − t2|)−2H .
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It follows that

1

T 2

∫ T

0

∫ T

0

A(t1, t2)
2 dt2dt1 ≤ CH

T 2

∫ T

0

∫ T

0

(1 + |t1 − t2|)−4H dt2dt1

≤ CH

T

∫ T

0

(1 + d)−4H dd = o(1),

which proves (59).

Remark. Chiba and Takabatake [2024, Section 6.6] split the region t1 ≥ t2 into t1 < 1, t1 − t2 < 1, and
t1 − t2 ≥ 1; in the last region, split the s integral at t2. It can be shown that the contributions are
o(1) except in the s > t2 region. For the s > t2 region, to show an o(1) contribution, ρ(t) was required
to decay as (1 + |t|)2H−2, which does not hold in the current setting. However this is just caused by a
rough estimate of an upper bound. For completeness, we give a sharp estimate of this region in Lemma
36 below.

Lemma 36 (The cross-region estimate). For T ≥ 1,

1

T 2

∫ T

1

∫ t1−1

0

(∫ t1

t2

∫ t2

0

(t1 − s)−H−1/2(t2 − v)−H−1/2ρ(s− v) dv ds

)2

dt2 dt1 ≤ C(H)

T
. (60)

Proof. Put d = t1 − t2 ≥ 1, x = t1 − s, and y = t2 − v. The inner integral is bounded by∫ d

0

x−H−1/2

∫ ∞

0

y−H−1/2(1 + d− x+ y)H−3/2 dy dx = B(1/2−H, 1)

∫ d

0

x−H−1/2

1 + d− x
dx

≤ C(H)d−H−1/2 log(1 + d).

The last bound follows by splitting at x = d/2. Hence the left-hand side of (60) is at most

C(H)

T 2

∫ T

1

(T − d)d−1−2H log2(1 + d) dd ≤ C(H)

T

∫ ∞

1

d−1−2H log2(1 + d) dd ≤ C ′(H)

T
.

The terms with a joint fourth cumulant.

Lemma 37 (Integration of two fractional kernels). For 0 ≤ r < u ≤ T ,∫ T

u

(t− r)−H−1/2(t− u)−H−1/2 dt ≤ B(1/2−H, 2H)(u− r)−2H . (61)

Proof. Extend the integral to infinity and put t − u = (u − r)v. The remaining integral is
∫∞
0

(1 +

v)−H−1/2v−H−1/2 dv = B(1/2−H, 2H). Both parameters are positive for 0 < H < 1/2.

Lemma 38. We have |I(3)T | = O(T−1).

Proof. Relabel (r1, u1, r2, u2) as (r1, r2, r3, r4). Theorem 4, Tonelli’s theorem for the nonnegative majo-
rant, and Lemma 37 yield

|I(3)T | ≤ C

T 2

∫
[0,T ]4

3∏
k=1

ρ(r(k+1) − r(k))|r2 − r1|−2H |r4 − r3|−2H dr. (62)

Equal-time hyperplanes have Lebesgue measure zero and may be omitted. On each of the 24 order
regions, put a = r(2) − r(1), b = r(3) − r(2), c = r(4) − r(3). Integration over the smallest time contributes
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at most T . The three possible pair configurations have singular factors

configuration typical example singular factor
separated r1 < r2 < r3 < r4 a−2Hc−2H

interlaced r1 < r3 < r2 < r4 (a+ b)−2H(b+ c)−2H

nested r1 < r3 < r4 < r2 (a+ b+ c)−2Hb−2H .

Each configuration occurs eight times in this symmetric majorant.
To conclude |I(3)T | = O(T−1), we verify finiteness of

∫
(0,∞)3

ρ(a)ρ(b)ρ(c)


a−2Hc−2H ,

(a+ b)−2H(b+ c)−2H ,

(a+ b+ c)−2Hb−2H

da db dc (63)

for each of the three displayed integrands. All the cases have the same upper bound(∫ ∞

0

ρ(a)a−2H da

)2 ∫ ∞

0

ρ(b) db <∞.
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